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Abstract. This paper proves two results on the field of rationality Q(7r) for an automorphic representa- 
tion IT, which is the subfield of C fixed under the subgroup of Aut(C) stabilizing the isomorphism class of 
. . , the finite part of it. For general linear groups and classical groups, our first main result is the finiteness 

■ of the set of discrete automorphic representations tt such that n is unramified away from a fixed finite 
set of places, ttoo has a fixed infinitesimal character, and [Q(7r) : Q] is bounded. The second main result 

C " 3 ' is that for classical groups, [Q(7r) : Q] grows to infinity in a family of automorphic representations in 

^S) , level aspect whose infinite components are discrete series in a fixed L-packet under mild conditions. 

•/^ ■ 1. Introduction 

(N 

1.1. Modular form case. Let Sk{N) be the space of cuspforms of weight k > 2 and level ro(A^) with 
> 1. Suppose that / £ Sk{N) is an eigenform under the Hecke operator {Tp} with eigenvalue ap{f) £ C 
for each prime p \ N. It is well known that {o.p{f)}p^j^ are algebraic integers and that they generate a finite 
extension of Q (in C), to be denoted Q(/)- The field Q(/) encodes deep arithmetic information about 
' / and is of our main concern here. To wit the significance of Q(/), the Eichler-Shiniura construction 

^ . associated to a weight 2 form / a GL2-type abelian variety of dimension [Q(/) : Q] as a quotient of 

the Jacobian of the modular curve Xo{N). Moreover the two-dimensional l-adic Galois representations 
associated to / are realized with coefficients in the completions of Q(/) at finite places. 

We are interested in two aspects of Q(/). The first question is on the growth of Q{f) in a family of 
modular forms / with increasing level. Let Tk,{N) be the set of normalized cuspidal eigenforms of weight 
^ ' k >2. These are eigenforms for all Tp {p \ N) and define 

{/ e -^kW : : Q] < A}, AeZ>i. 

' Serre has proved the following theorem, which serves as a prototype for one of our main results. 

^ ; Theorem 1.1. (\^ Thm 5]^ Fix k > 2 and a prime p. Then \im | J"«(iV)^^|/| J'«(A^)| = 0. 

■ (N,p) = l 

Let us briefly recall Serre's argument. The key point is to show that 

\{ap{f): f eJ^,{N)^^}\<^. (1.1) 



>< 



; I , This follows from the fact that ap{f) is an algebraic integer which is the sum of a Weil p- number of 

' weight fc — 1 and its complex conjugate. The condition : Q] < A implies that [Q(ap(/)) : Q] < A, 

so such a Weil number is a root of a monic polynomial in Z[x] whose degree and coefficients are bounded 
only in terms of p, k, and A. Clearly there are only finitely many such polynomials, hence (jl.ll) . Finally 
Theorem 1 1.1 1 is deduced from (jl.ll) by using a trace formula argument. 

Serre then asked in 53 . §6.1] whether the same type of result would be true without requiring p to 
be coprime to the level. (For instance is the above result valid if the limit is taken along the sequence 
N = 2, (2 • 3)^, (2 • 3 • 5)'^, ...?) In our paper we generalize Theorem 11.11 to higher rank classical groups 
and partially settles Serre's question in the generalized setting for a sequence of levels iV — ^ oo such that 
there exists a prime whose order in N grows to infinity. Moreover we improve on the rate of decay of the 
quotient as in Theorem 1 1.1 1 bv a logarithmic order. 

Another aspect of Q(/) is in relation to a finiteness result. Let us begin with recalling a deep theorem of 
Faltings, who also proved a stronger version in which "up to isogeny" is replaced with "up to isomorphism" 
(the Shafarevich conjecture). 

Theorem 1.2. i ^jlQl Thm 5]j Fix n £ Z>i and a finite set of primes S. Then there are only finitely 
many abelian varieties of dimension n having good reduction outside S up to isogeny. 
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The Shimura-Taniyama conjecture, as confirmed by Wiles and Breuil-Conrad-Diamond- Taylor, trans- 
lates the case n = 1 of the above theorem into a finiteness result about modular forms: namely there are 
only finitely many newforms / such that [Q(/) : Q] = 1 which are contained in J^2{N) for some level N 
whose prime divisors are all contained in S. With this motivation an automorphic analogue of the above 
finiteness theorem will be pursued in this paper. 

To formulate and make progress toward the problems raised in this subsection we are going to introduce 
some definitions, concepts, and conjectures before stating the main results. 

1.2. C-algebraic automorphic representations. Algebraicity of automorphic forms and represen- 
tations has been studied by Shimura, Waldspurger, Harder, Harris, and many other mathematicians. 
Regarding automorphic representations of GLn the definition of algebraicity was first formulated by 
Clozel |13J and recently extended to arbitrary connected reductive groups by Buzzard and Gee j8J. In 
fact one main point of their paper is to distinguish between the two possible definitions of algebraicity, 
namely C-algebraicity and L-algebraicity, the former generalizing Clozel's notion. In this article our at- 
tention is restricted to C-algebraic representations mainly because these are expected to be exactly the 
ones having number fields as their fields of rationality. (There is also W-algebraicity recently suggested 
by Patrikis [37, but again C-algebraicity is believed to be the exact condition to ensure the finiteness of 
the field of rationality over Q.) 

To be precise let G be a connected reductive group over Q. To avoid vacuous statements we assume 
throughout the paper that the rank of the groups under consideration is at least one. Let tt = iSiyT^v = 
■K°° (g) TToo be an automorphic representation of G{A). Here tt°° and tToo denote the finite and infinite 
components. We say that tt is C-algebraic if, loosely speaking, the infinitesimal character of tToo is 
integral after a shift by the half sum of all positive roots (for some thus for all choices of positivity on 
the set of roots). When cr is a field automorphism of C, let {tt°°)'^ denote the G(A°°)-representation 
on the underlying vector space of 7r°° twisted by a cr-linear automorphism. For any tt define its field of 
rationality as the field of the definition of its isomorphism class, i.e. 

Q(7r) {z e C : a{z) ^ z,\/a e Aut(C) s.t. {■k'^Y ~ 7r°°}. (1.2) 

The following was conjectured by Clozel (for G = GLn) and Buzzard-Gee. 

Conjecture 1.3. tt is C-algebraic if and only if is finite over Q. 

It is worth noting that in the special but subtle case of Maass cusp forms for GL2 over Q, Sarnak [47] 
classified the forms with integer coefficients, showing in particular that they are C-algebraic (i.e. Laplace 
eigenvalue being 1/4), and made a remark on the transcendence of Q(tt). 

According to the conjecture C-algebraic representations are the most suitable for studying questions on 
the growth of fields of rationality. To obtain unconditional results, we show that Q(7r) is a number field for 
cohomological representations tt, which form a large subset inside the set of C-algebraic representations, 
by adapting an argument of Clozel using arithmetic cohomology spaces. See ^12. 21 below. Note that if G 
is semisimple then any tt such that tToo is a discrete series is always cohomological. 

1.3. Conjectures. Let us highlight two interesting conjectures that we were led to formulate during our 
investigation of fields of rationality for automorphic representations. Some partial results and remarks 
arc found in the next subsection as well as in the main body of our paper. 

The first conjecture, a small refinement of the well-known Fontaine-Mazur conjecture, is not directly 
concerned with field of rationality but rather with integrality of local parameters (e.g. Satake parameters 
or Frobenius eigenvalues of a Galois representation). The question arises naturally as a weak form of 
integrality is needed to answer a generalization of Theorem 11.11 

Conjecture 1.4. Let F be a number field and p : Gal{F/F) — > GL„(Q;) a continuous irreducible 
representation unramified outside finitely many places. The following are eguivalent: 

(i) p is de Rham at every place v\l with nonnegative Hodge-Tate weights (adopting the convention 

that the cyclotomic character has Hodge-Tate weight —1). 
(a) the Weil-Deligne representation associated with p at every finite place v \ I is integral and pure 

of weight w G Z which is independent of v, 
(Hi) p appears as a subquotient of Hl^{X Xp F,Qi) for some proper smooth scheme X over F and 

some i G Z>o. 

The motivation for the conjecture comes from our effort to obtain Theorem 1 1 . 71 below (which general- 
izes Theorem 1 1.1|) . where we need a version of the statement that ap{f) is an algebraic integer. We derive 
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a partial result toward Conjecture II .41 fProposition 14. ip for the Galois representations arising from (con- 
jugate) self-dual automorphic representations by exploiting the fact that they appear in the cohomology 
of Shimura varieties. This serves as a crucial ingredient in the proof of Theorem 11.71 

The second conjecture is on the finiteness of automorphic representations with bounded field of ra- 
tionality. It is an automorphic analogue of (the isogeny version of) the Shafarevich conjecture and its 
analogue for Galois representations formulated by Fontaine and Mazur ([21] I. §3]). Theorem 11.61 below 
partially confirms the conjecture. 

Conjecture 1.5. Fix A G Z>i, S a finite set of places of F containing all infinite places, and an 
infinitesimal character Xoc for G{F ®q M). Then there are only finitely many discrete automorphic 
representations tt of G{Ap) with infinitesimal character Xoo such that is unramified and [Q(7r) : Q] < 
A. 

1.4. Main results. Let us make it clear at the outset that our results concerning quasi-split classical 
(i.e. symplectic, orthogonal, or unitary) groups rely on Arthur's endoscopic classification [5] and its 
analogue for unitary groups due to Mok |41j . (However our finiteness theorem for general linear groups, 
cf. Theorem II .61 below, is unconditional.) The classification is based on some unproven assertions on the 
stabilization of the twisted trace formula for GLn and a little more, which are hoped to be proved in the 
near future. So we are making the same hypotheses as Arthur does in his forthcoming book. (Also see 
[H 1.18] for a discussion of the hypotheses.) We only deal with quasi-split groups mainly because the 
analogous theorems for inner forms are not complete (see the last chapter of [2] for a sketch), but our 
argument should apply equally well to the inner forms. With this in mind we have written the argument 
in such a way that our main theorems remain true for non-quasi-split classical groups with little change 
in the proof once the necessary classification becomes available. As a matter of fact. Theorem 11.71 in 
case (i) is an unconditional theorem for (not necessarily quasi-split) unitary groups thanks to the base 
change results for cohomological representations in [3S] and [55]. (Unlike Arthur's work, the latter are 
not conditional on the full stabilization of the twisted trace formula or any other hypotheses.) 

Our first main result is a finiteness theorem for automorphic representations with bounded field of 
rationality. It is worth emphasizing that we allow arbitrary infinitesimal characters (e.g. those corre- 
sponding to C-algebraic Maass forms in the case of GL2 over Q) even including transcendental ones (in 
which case the set of tt is expected to be empty by Conjecture II. 3p . 

Theorem 1.6. (Theorems \ 5.1^ \5.19fl Conjecture \1.5\ is true for general linear groups and quasi-split 
classical groups. 

Our second main result is on the growth of field of rationality in a family of automorphic representa- 
tions. We work with a quasi-split classical group G over Q for simplicity (in the main body G is over 
any totally field) and introduce a family in level aspect with prescribed local conditions as in |57| . Let 
Ux G Z>i, ^ be an irreducible algebraic representation of G over C whose highest weight is regular, Sq 
be a finite set of finite primes (which could be empty so that no local condition may be imposed), and 
fso be a well-behaved function on the unitary dual of G{Q^Sa)- The family in question is a sequence 

Fx = J^in-x, fso^ ^ G such that n^, — > 00 as a; — > 00, 

where each Fx consists of discrete automorphic representations tt of G which, loosely speaking, has level 
nx, weight ^, and prescribed local conditions at Sq by fs„- Then each Fx is a finite set whose cardinality 
\Fx\ tends to infinity as x — >■ 00. Actually in our formulation Fx is a multi-set in that each tt is weighted 
by the dimension of the fixed vectors of tt°° under the principal congruence subgroup of level Ux- (See 
i|6.1l for the precise definition of Fx and |J^r|-) For A G Z>i define 

F^^ := {tteFx-. [Q{tt) : Q] < A}. 

Note that we have [Q(7r) : Q] < cxi for every tt £ Fx since tt is cohomological in that tToo €5 £, has non- 
vanishing Lie algebra cohomology. We prove a theorem roughly saying that the field of rationality grows 
generically in the family {Fx}x>i in the case (i) or (ii) below. Note that (ii) includes the level sequence 
2, (2 • 3)^, (2 • 3 • 5)'^, (2 • 3 • 5 • 7)^, ... for instance. Unfortunately neither (i) nor (ii) includes the sequence 
2,2 • 3,2 • 3 • 5,... 

Theorem 1.7. [Theorems \ 6.1[ \6. 6)) Let G 7^ {1} be a quasi-split classical group, or a non- quasi- split 
unitary group. Suppose there exists a prime p ^ Sq, at which G is unramified, such that either 



As wc will never deal with the usual (diseonnected) orthogonal groups, special orthogonal groups will be called orthog- 
onal groups in favor of simpler terminology. We will be precise where we have to be. 
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(i) {tIxtP) = 1 for all but finitely many k, or 
(ii) ordp{n,j;) — >■ oo as x ^ oo. 

Then for every A G Z>i, linij;_j.oo \t \ — 0- Moreover let Sum be the number of primes p satisfying (i) 
(which could be infinite) and such that G is unramified at p. Put Rum- ■— X^peS rankCQ^. Then 

^ 0(|J-,|/(log|J-,|)«), Vi? < 

Especially pleasing features of the theorem are that some arbitrarily high ramification can be treated 
as seen in (ii) and that the upper bound has a logarithmic power-saving. The case (ii) seems to be new 
already in the case of modular forms while the logarithmic saving generalizes [151 [53] . It would be nice 
to prove (or disprove) the theorem without (i) and (ii). We can do it under some restrictive hypotheses 
(which are too special to be discussed here) but do not know any general type of result. 

It is natural to ask whether |J^|='^| = 0(|J^2;|'') for some S < 1 for a level-aspect family J^x (whose level 
Ux — > oo) for an arbitrary reductive group G, cf. Question 16.51 below. This is already challenging for 
G = GL(2) [53, p. 89]. The above theorem does not achieve this. However we do provide a nearly optimal 
answer under a hypothesis on {nx}x>i fCorollarv l6.8p . Let G be a group as in Theorem II. 61 and suppose 
that {nx}x>i is supported on a finite set S of finite primes in the sense that for all but finitely many k, 
every prime divisor of Ux is in S. Then = 0(1). This is actually an easy corollary of Theorem ll.6l 

Again no condition on infinitesimal characters at oo is needed (so it applies to C-algebraic Maass forms 
when G — GL2 for instance). 

In the following we sketch the proof of Theorem 11.61 and Theorem 11.71 Both theorems take local 
finiteness results as key inputs. The former theorem in the case of GL„ uses 

Proposition 1.8. Fix A>1 and a prime p and an integer n>2. There exists a constant C ~ C{A,p, n) 
such that every irreducible smooth representation o/GL„(Qp) with [Q(TTp) : Q] < A has conductor < C. 
(Here Q^TTp) is the field of rationality for iTp defined as in ()1.2p . ) 

For the proof of the proposition we pass to the Galois side via the local Langlands correspondence and 
examine the representation of the inertia group. Note that a suitable normalization of the local Langlands 
correspondence preserves the field of rationality. Since the inertia representation must have finite image, 
it is possible to conclude with some elementary representation theory and ramification theory for local 
fields. Once the proposition is in place, Theorem ll.6l is an easy consequence of Harish-Chandra's finiteness 
theorem for automorphic forms. 

Theorem 11.71 requires a more arithmetic kind of local finiteness theorem. When G is a quasi-split 
classical group, we show the following far-reaching generalization of the finiteness of Weil numbers (iHH) 
to the case for higher rank groups allowing arbitrary ramification at p. 

Proposition 1.9. ( Corollary \5. 7| ) Fix A> I, a prime p, and an irreducible algebraic representation ^ of 
G. Then the set of irreducible tempered representations TTp of G{Qp) with [QijTp) : Q] < A which may be 
realized as the p- components of discrete ^-cohomological automorphic representations tt o/G(A) is finite. 

A crucial input in the proof is the properties of the Galois representations associated with tt concerning 
weight and integrality, which we justify along the way. The integrality here is the same kind as in 
Conjecture ll.4l (ii). In fact this consideration led us to formulate the conjecture. To associate Galois 
representations, work of Arthur and Mok is applied to transfer tt to a suitable general linear group, and 
the field Q(7r) has to be kept track of during the transfer. To this end we check the nontrivial fact 
that the transfer from G to the general linear group is rational in the sense that it commutes with the 
Aut(C)-action on the coefficients. It would be of independent interest that a similar argument would 
show that many other endoscopic transfers are rational (sometimes with respect to the Aut(C/F)-action 
for a number field F). 

Both (i) and (ii) of Theorem 11.71 are deduced from Proposition 11.91 via the theorem (proved earlier by 
us in |5S] and [57]) that TTp's are equidistributed with respect to the Plancherel measure for G(Qp). The 
equidistribution reduces the proof to showing that the set in Proposition 11.91 has negligible Plancherel 
measure in the subset of the unitary dual of G(Qp) consisting of representations whose levels are at most 
(the p-part of) Ux- Part (i) results from the fact that the Plancherel measure is atomless when restricted 
to the unramified unitary dual. The saving by (log jJ^rl)^ in the denominator comes from the quantitative 
Plancherel equidistribution theorem [57) and a uniform approximation of characteristic functions in the 
unramified unitary dual by Hecke functions of bounded degree. For part (ii) observe that the condition 
there implies that the mass of the set in Proposition 11.91 which may not be zero since some points may 
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correspond to discrete series, becomes negligeable relative to the mass of the level < part of the unitary 
dual as ordjn^) oo. 

1.5. Organization. Section [2] introduces basic notions such as C-algebraic, C-arithmetic, and cohomo- 
logical automorphic representations as well as the field of rationality for local and global representations, 
and then builds background materials. The key result is that cohomological representations are C- 
algebraic and strongly C-arithnietic, indicating that a good playground to study field of rationality is the 
world of cohomological representations. We included many supplementary results which do not play roles 
in proving main theorems but are interesting in their own right. Section 3 is mainly local and Galois- 
theoretic. We prove the fundamental proposition that a Weil-Deligne representation with bounded field 
of rationality has bounded ramification and transfer the result to the automorphic side via the local 
Langlands correspondence for GLn- Section 4 is global in nature and draws deep facts from both Galois 
and automorphic sides. It is shown that the Galois representations associated with (conjugate) self-dual 
automorphic representations of GLn are pure and integral. The remainder of Section |4] is concerned 
with the twisted endoscopic transfer and classification theorems for quasi-split classical groups relative 
to GLn- This is where Arthur's work is invoked. Section [5] proves key local finiteness results to be used 
in the proof for main theorems. The basic strategy is to prove something for GLn and transfer the result 
to classical groups or vice versa. To play this game the rationality of endoscopic transfer as proved in 
§5.2l is essential. The culmination of Section 5 is the finiteness theorems in §5.51 In the last Section [6] we 
prove several results on the field of rationality for families of automorphic representations in level aspect 
and conclude with remarks on counting elliptic curves and some outlook. 

1.6. Acknowledgments. We are grateful to Wee Teck Gan, Peter Sarnak, Jean-Pierre Serre and David 
Vogan for their helpful comments. The authors acknowledge support from the National Science Founda- 
tion under agreements No. DMS-1162250 and DMS-1200684. 

1.7. Notation and convention. 

• k denotes an algebraic closure of k for any field k. 

• ReSfe' /k denotes the Weil restriction of scalars from a finite extension field k' to k. 

• Ind and n-ind denote the unnormalized and normalized inductions from parabolic subgroups, 
respectively. 

• F is a number field, Tp G&\{F/F), and Wp is the Weil group. 

• qv denotes the cardinality of the residue field and Frob^, is the geometric Frobenius element at 
V li V \s a, finite place of F, 

• Soo is the set of all infinite places of F, 

• Ap is the ring of adeles over F; Af, is the restricted product of Fy for all v ^ S; A"^ := Ap°°. 

• G is a connected reductive group over F, 

• G is the dual group, ^G is the L-group. 

• G{Fy)^ is the unitary dual of G{Fy). 

• Irr(G(i^u)) denotes the set of isomorphism classes of irreducible smooth representations of G{Fy). 
Write Irr'''™P(_G(F^)) (resp. Irr"'^(G(i^u))) for the subset consisting of tempered (resp. unramified 
- for a choicqj of a hyperspecial subgroup of G{Fy) if it exists) representations. 

• p G X* (T) Q is the half sum of all positive roots when a choice is made of a maximal torus T 
and a Borel subgroup B such that T C B {p is also viewed as the half sum of all positive coroots 
on the dual side, cf. SJ^U below). 

• T-L{H,k) denotes the fc-algebra of locally constant compactly supported functions on H where 

is a locally compact totally disconnected group and A: is a field, and T-L{j{H,k) the sub k- 
algebra of bi-C/- invariant functions where U is an open compact subgroup of H . (For instance 
H = G(A^) or H = G{Fy) in the notation above.) 

• Given G as above, hyperspecial subgroups Uy^ are fixed at finite places v outside the set S'ram 
of finitely many v such that G is ramified over Fy. We identify 'H{G{A^), k) with the restricted 
tensor product ®'yi^^T~L{G{Fy),k) with respect to T^jyha (G(F„), fc) and decompose an irreducible 
admissible representation tt of G(A^) as tt = (d'yi^^T^v We speak of unramified representations 
at finite places v ^ 5ram with respect to U^^. 



Such a choice will always be implicit whenever we mention unramified representations in this article. 
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• ip^ : Wp^ X SL2{C) — > {v finite) and ■ Wp^ ^ [v infinite) are notation for local 
L-parameters; the associated local L-packets are denoted LP{(py) (in the cases where the local 
Langlands correspondence is established). 

• Fix a field embedding Q ^ C and Q; — )■ C for each prime / once and for all. 

• All twisted characters (and intertwining operators for 9 defining them) are normalized as in 
Arthur's book. 

2. Field of rationality 
The reader may want to compare the contents of our !j2.1l and !j2.2l to §3.1 and §7 of |8]. 

2.1. C-algebraicity and coefficient fields. Let tt = 0yTTv be an automorphic representation of G{Ap). 
Let S* be a finite set of places of F containing Soo- We recall the definition of C-algebraicity from [HI 
Def 3.1.2] (generalizing the notion of algebraicity in [T3])- For each infinite place v of F, denote by 
'Ptt^ ■ Wp^ — the associated parameter via the local Langlands correspondence ( j36j ) . 

Definition 2.1. For u|oo, tti, is C-algebraic if there exists a maximal torus T of G satisfying tp^^iWc) C 
T X Wc with the property that ^Ptt^\wc ■ T (via any M-embedding a : F^ ^ C, after projecting 

down to T) belongs to p + X^, (T) , where p is the half sum of all positive coroots in T with respect to 
a Borel subgroup 13 containing T. (The latter property is independent of the choice of a, T, and B. 
See [SI 2.3].) We say that ttv is regular if ^Tr^\wc is not invariant under any nontrivial element of the 
Weyl group for T in G. If tt^ is C-algebraic (resp. regular) for every infinite place v then tt is said to be 
C-algebraic (resp. regular). 

We remark that when G = Gi„, our notion of tt being algebraic (resp. regular) coincides with the 
one in I13|. For the next definition we introduce a twist of a complex representation. For r € Aut(C) 
and a complex representation (H, V) of a group F, denote by the representation of F on F (8)c,r-i C 
via n (g) 1. 

Definition 2.2. The field of rationality Q(7r'^) is the fixed field of C under the group {r e Aut(C) : 
{n^y ~ TT^}. If S* = Soo, simply write Q(7r) for Q(7r'^=°). For a finite place v of F, (Q(7r„) is defined to be 
the fixed field under the group {r £ Aut(C) : ttJ ~ Tr^,}. 

An easy observation is that Q(7r) is the composite field of Q(7r„) for all finite v (as a subfield of C). 

Remark 2.3. Here is another possible notion of rationality, which will not be used in this paper. We 
say that tt is defined over a subfield £' of C if there exists a smooth £'[G(A^)]-module tt^ such that 
C ~ TT°° . Similarly 7r„ is said to be defined over E for a finite place v if there exists a smooth 
i?[G(Ft,)]-module tTv^e such that tTv^e (^e C ~ tt^. If tt (resp. 7r„) is defined over E then clearly Q(7r) 
(resp. Q{tTv)) contains E. A natural question is whether tt (resp. Wv) can be defined over Q(7r) (resp. 
Q(7r^)) itself. If 7r« is unramified, it is not hard to see that ttv is defined over E (independently of the 
choice of a hyperspecial subgroup of G{Fy)) if and only if D Q(7r^), cf. |S1 Lem 2.2.3, Cor 2.2.4]. The 
authors do not know whether the analogue holds for general generic 7r„ or tt°°. In the case of G = GL„, 
this has been shown in [13] using the theory of new vectors. 

Remark 2.4. Let w be a finite place of F where tt^ is unramified. It is in general false that the Satake 
parameters of tt^ are defined over Q(7r^) (let alone Q(7r)) in the sense of [5], Def 2.2.2] due to an issue 
with the square root of qy. 

Definition 2.5. For a finite v, we say tTv is C-arithmetic if 'Q_{ttv) is finite over Q. An automorphic 
representation tt is C-arithmetic if Q(7r'^) is finite over Q for some finite set S containing 5oo. It is 
strongly C-arithmetic if Q(7r) is finite over Q. 

Remark 2.6. Our C-arithmeticity is equivalent to that of [8]. It is reasonable to believe that tt is C- 
arithmetic if and only if it is strongly C-arithmetic, but the only if part does not seem easy to prove 
directly. At least when G is a torus it can be verified that C-arithmeticity is equivalent to strong C- 
arithmeticity. Indeed the only if part is true if G is a split torus by strong approximation. If G is a 
general torus the proof is reduced to the split case via a finite extension F' / F splitting G by employing 
the fact (see the proof of the theorem 4.1.9 in [8]) that G{F) and the image of G(A^,) under the norm 
map together generate an open and closed subgroup of G{A'^) of finite index. 
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Remark 2.7. Even if vr^, is C- arithmetic at every finite v, it may happen that tt is not C-arithmctic. For 
instance when G = GLi over Q and n — \ ■ |^/^, we have Q(7rp) = Qip^^^) for each prime p so tt^ is 
C-arithmetic. However Q(7r'^) is an infinite algebraic extension of Q. Note that | • |^/^ is not C-algebraic. 

In general there is no reason to expect that Q{tt) is finite or algebraic over Q. In this optic the 
significance of C-algebraicity stems from Conjecture 12.81 below. An expectedly equivalent conjecture was 
formulated in [8l Conj 3.1.6], where they put C-arithmetic in place of strongly C-arithmetic. When G 
is a torus, the two versions of the conjecture are indeed equivalent fRemark 12. 6|) . so our conjecture is 
known to be true by '8', Thm 4.1.9] based on work of Weil and Waldschmidt. 

Conjecture 2.8. tt is C-algebraic if and only if it is strongly C-arithmetic. 

We remark that there are other reasons why C-algebraic automorphic representations stand out. One 
reason is that C-algebraicity is a natural necessary condition in the cuspidal case (and not too far from 
being a sufficient condition) to contribute to cohomology, cf. Lemma [2.141 below . Another reason is that 
l-adic Galois representations are expected to be associated with C-algebraic representations, cf. [8j Conj 
5.3.4]. (In a simpler way Galois representations should also be attached to L-algebraic representations, 
which differ from C-algebraic ones by "twisting". See Conjectures 3.2.1 and 3.2.2 of [8].) 

C-algebraicity and C-arithmeticity are preserved under unnormalized parabolic induction. (Compare 
with [81 Lem 7.1.1] and the paragraph above it.) 

Lemma 2.9. Let M be a Levi subgroup of an F -rational parabolic subgroup P of G. Let Wm be an 
automorphic representation of M{Ap). Suppose that 11 is an irreducible subquotient of the unnormalized 
induction Indp(nAf). Then Hm is C-algebraic if and only if H is C-algebraic. If Hm is C-arithmetic 
(resp. strongly C-arithmetic) then so is 11. 

Remark 2.10. The lemma is in fact purely local and the same argument proves the analogue for M{F<Siq 
M)-representations. For normalized induction, one can prove similar statements with L- in place of C-. 

Proof. We may assume = Q by reducing the general case via restriction of scalars. Let T be a maximal 
torus of M over C and B a Borel subgroup of G over C containing T. Put Bm ■= M D B. Then 
P,Pm G X*{T) ®z Q are defined. Let XnM,oo (resp. xn^^) denote the character of X^{T) = X*{T) 
associated to 'Pyim (resp. fYi^o) as in Definition 12.11 well-defined up to W^(M, T)-conjugacy (resp. 
M^(G, r)-conjugacy). Let An„_^ (resp. An^^) denote the infinitesimal character of IIm.oo (resp. Hoc). 

The condition of the lemma tells us that An^ and An„_^ + {p — Pm) are in the same W{G, T)-orbit in 
X*{T) ®z C On the other hand, An„_^ and X'o.m,^ are in the same W{M, T)-orhit and similarly An^ 
and xn„o are in the same V1^(G', T)-orbit ([SH Prop 7.4]). Therefore if IIm is C-algebraic then so is 11. 

We check that 11 is strongly C-arithmetic if IIm is strongly C-arithmetic. Let S be the finite set of 
places (including Soo) outside which IVm is unramified. The assumption tells us that 11^ is a subquotient 
of Indp(nM,D) at every finite place v. Hence H^ is a subquotient of Indp(HXj^) at every v for every 

1/2 

CF G Aut(C). (The latter implication fails if normalized induction was used and if a does not fix qj .) 
For V ^ S and cr £ Aut(C/(Q)(HAf )) we see that H„ and 11^ are isomorphic as both of them are the unique 
unramified subquotient of Indp(HM,t))- For finite v € S,Ily is C-arithmetic since a € Aut(C/Q(H7\/)) 
permutes the finitely many irreducible subquotients of Indp(HJ,j^). Therefore Q(H) is contained in the 
finite field extension of Q(Hm) generated by Q(Ht,) for v G S, hence H is strongly C-arithmetic. 

The above proof also shows that if Hm is C-arithmetic then H is C-arithmetic. □ 

2.2. Rationality for cohomological representations. Temporarily let G be a connected reductive 
group over Q. Let tt be an automorphic representation of G(A). Let K^o be a subgroup of G(R) whose 
image in G'''^(R) is a maximal compact subgroup. Let be the neutral component of Kao with 
respect to the real topology. Let Q be a parabolic subgroup of G(C) with Levi component Kao,c- Put 
:= Lie G(C) and q := Lie Q(C). 

Definition 2.11. We say that tt is cohomological (resp. 9-cohomological) if H^{2, K^,tToo <E)£,) y^O 
(resp. H^{q, K^,TToo ® 7^ 0) for some i > and some irreducible algebraic representation ^ of G(C) 
(resp. Koo,c)- In this case tt is said to be ^-cohomological (resp. ^-9-cohomological). 

Lemma 2.12. If G = GLn then every cuspidal regular C-algebraic automorphic representation tt of 
G(Ap) is cohomological. 



Proof. Follows from [131 Lem 3.14]. 



□ 
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Remark 2.13. If tToo is an arbitrary regular C-algebraic representation of GL„(M), GLn{C), or a product 
thereof, then there is no reason for tToo to have non- vanishing cohomology as in Definition 12.111 What 
makes the above lemma work is the condition that tToo is (essentially) tempered, which is implied by the 
cuspidality of tt, cf. [131 Lem 4.9]. 

From now on, let F be a number field and G a connected reductive group over F. By applying the 
above definition to Resp/qG we define K^o, Q, 0, q and make sense of (5-)cohomological representations. 
In light of the above remark, a sensible generalization of Lemma l2. 121 would be the following assertion: For 
any connected reductive group G over F, every cuspidal regular C-algebraic automorphic representation 
of G{Ap) is cohomological if its infinite component is tempered. (For a general G the latter condition is 
not a consequence of global cuspidality. Early counterexamples are due to Kurokawa, Howe and Piatetski- 
Shapiro.) We believe that the assertion is true but were not able to verify it. In the converse direction 
we have 

Lemma 2.14. Any cohomological automorphic representation tt of G{Ap) is C-algebraic. 

Proof. We may assume F = Q. Let T be a maximal torus over C and B a Borel subgroup of G over C 
containing T. Let A^v g X*{T) be the highest weight vector for with respect to {B,T) where ^ is as 
above. Let Xtt^ G X^.{T) ®z C = X*{T) ®% C be the character determined by ^■n^\wc i^i Definition 
12.11 Then Xi^^ is well-defined up to W[G., T)-conjugacy. If tt is ^-cohomological then the infinitesimal 
character of tToo is the same as that of namely A^v -|- p. Hence x-n-oo ^-^d A^v + p are in the same 
W^(G, r)-orbit ([611, Prop 7.4]). We conclude that Xttoo ~ P ^ X*(T) independently of the choices so far 
and that tToo is C-algebraic. □ 

Roughly speaking, cohomological (cuspidal) automorphic representations are important in that they 
are realized in the Betti cohomology (or etale cohomology via comparison theorem) of locally symmetric 
quotients associated with G. This plays a fundamental role in Clozel's work for G = GL„, cf. Remark [2.16l 
below. In work of Blasius-Harris-Ramakrishnan (cf. Proposition 12.191 below) they prove C-arithmeticity 
by realizing cuspidal automorphic representations in the coherent cohomology of Shimura varieties, which 
is possible for 9-cohomological representations. 

We would like to show C-arithmeticity for a large class of cohomological representations by realizing 
them in the Betti cohomology of locally symmetric quotients with coefficient sheaves defined over number 
fields. This must be well known to experts, the idea being similar to [62] and [13] . but we provide some 
details as there does not seem to be a handy reference for the general case. 

For any sufficiently small open compact subgroup U C G(A^), consider the manifold 

Sij{G) := G{F)\G{kF)lUKl^ 

with finitely many connected components. Let ^ be an irreducible algebraic representation of Rcs^/qG 
over C and denote by £^ the associated local system of C- vector spaces on SjjiG). (By abuse of notation 
we omit the reference to t/ in £^.) Such a ^ admits a model over a number field E (so that (^e®e^ — 
and one can use the highest weight theory to show that £5 also admits a model C^^e, a local system of 
i?- vector spaces. For i > define 

H\S{G),Ci) -.^ \im H'{Su{G),Ci) (2.1) 

u 

and similarly W{S{G),£^^e). The usual Hecke action equips i?*(5(G),£^) (resp. W{S{G),£^^e)) with 
the structure of admissible C[G(A°°)]-niodule (resp. iJ[G(A°°)]-module), where admissibility corresponds 
to the fact that H'{SuiG),Ci) = H'{S{G),Ci)" is finite dimensional. 

Much work has been done to decompose H^{S{G), C^) by means of automorphic representations. When 
Su{G) are compact, Matsushima's formula does the job. Results in the general case are due to Franke, 
Harder, Li, Schwermer and others. This enables us to show C-arithmeticity for cuspidal representations. 

Proposition 2.15. Let ir he a cuspidal ^-cohomological automorphic representation o/G(Ai?). Then 

(i) 7r°° is a G{A^)-module direct summand of (S (G) , C^) for some i>0. 
(ii) TT is strongly C-arithmetic. 

Remark 2.16. Clozel has shown this for general linear groups ([131 Th 3.13, Lem 3.14, 3.15]). We are 
adapting his ideas to the case of arbitrary reductive groups. (See also the last paragraph of §7 in |8] for 
the case of trivial coefficients.) 
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Remark 2.17. When G = GLn we know moreover that Q{tt) is a totahy real or CM field, cf. 031 Cor 
6.2.3]. The argument requires to know the subtle point that twists of tt°° by Aut(C) are finite parts 
of automorphic representations of G{Ap). As this is not known in general, it seems difficult to check 
whether Q{tt) is a totally real or CM field for an arbitrary reductive group. However see Proposition 
[2J9l fn) below. 

Proof. Part (i) follows from the description of the cuspidal part of H'^{S{G), C^) via Lie algebra coho- 
mology (fSO', (13.6)], [22]). Note that the cuspidal part is a direct summand, cf. page 242 of 50 . Part 
(ii) can be shown by arguing as in the proof of (13| Prop 3.16]. The argument is sketched here for the 
convenience of the reader. 

Let U = nufoo '-^ G{A^) be a sufficiently small open compact subgroup such that (7r°°)^ ^ 0. Then 
{tt°°)^ is a direct summand of H^{Su{G), C^) and moreover irreducible as a H£/(G'(A|?), C)-module. (This 
follows from the irreducibility criterion of [20l p. 179].) Since the field of definition is the same for 7r°° as 
a G'(A^)-module and for {7t°°)^ as a Hu{G{A^), C)-module, it is enough to show that the isomorphism 
class of {Tr°°)^ is fixed under a finite index subgroup of Aut(C). 

We start by finding a model of {11°°)^ on a Q-vector space. Burnside's theorem implies that irre- 
ducible -H(7(G(A|?),C)-module subquotients of H^{Su{G),£^) and those of the Hj/(G(A^), Q)-module 
H^{Su{G),C^^e'^eQ) correspond bijectivelyll In particular there is an irreducible 'HuiG{A'^), Q)-module 
subquotient W of W{Su{G),C^^e ®eQ) such that Vl^ (g)^ C ~ (7r°°)^. Since a £ Gal(Q/£;) induces a 
cr-linear self-automorphism of W{Su(G), C^^e '^e Q) as a 'H;7(G'(A^), Q)-module, the induced action 
permutes the irreducible subquotients of H^{Su{G), C^^e ®eQ) (the point being that 'Hu{G{A^),Q) has 
a natural Q-structure). We see from the finite-dimensionality of the latter space that the isomorphism 
class of W is fixed by a finite index subgroup of Gal(Q/i5) as desired. □ 

Corollary 2.18. Let M be a Levi subgroup of an F-rational parabolic subgroup of G. Any automorphic 
representation of G{Af) appearing as a subquotient of an unnormalized parabolic induction of a cuspidal 
cohomological automorphic representation of M{Af) is C-algebraic and strongly C-arithmetic. 

Proof. Immediate from Lemma [2T9l Lemma [2.141 and Proposition [2T5l □ 

In the rest of this subsection we briefly recall some results of Blasius, Harris and Ramakrishnan for 
the sake of completeness, even though their results will not be used in this paper. Under a restrictive 
hypothesis (cf. [S] §0.1]), namely that Kesp/qG is of hermitian symmetric type so that G{F (E)q M)/i^oo 
admits a G{F (X)q R)-invariant complex structure, the three authors have shown; 

Proposition 2.19. Keep the hypothesis in the above paragraph. Let tt be any automorphic representation 
of G{Af) such that tTqo is a nondegenerate limit of discrete series or a discrete series representation of 
G(-F(8)qIR) whose restriction to the maximal W- split torus 0/ (Res^/QG)(R) is algebraic. Then 

(i) any such tt is d- cohomological, C-algebraic and 

(ii) if IT is moreover cuspidal then Q(7r) is either a totally real or a CM field (in particular tt is 
strongly C-arithmetic). 

Remark 2.20. One can extend part (ii) beyond the cuspidal case by applying Lemma [^31 as it was done 
in Corollary 12351 

Proof. This is Theorems 3.2.1 and 4.4.1 of except for the C-algebraicity of tt, which is easy to deduce 
from the description of the infinitesimal character of tTqo in [5] Thm 3.2.1] by an argument as in the proof 
of Lemma [2. 141 Note that a subfield of a CM field is either totally real or CM. □ 

2.3. Satake parameters under functoriality. Let H and G be connected reductive groups over a 
number field F. We form their L-groups using the full Galois group over F rather than a finite Galois 
group or the Weil group. (Later we use the Weil group in the case of even orthogonal groups. In that 
case the material of this subsection can still be adapted. See M.2[ ) Let 77 : — > ^G be an L-morphism. 
Let {Bh, Th) (resp. [B, T)) be a pair of a Borel subgroup of H (resp. G) and a maximal torus contained 
in it. We may choose {B,T) such that rjiTn) C T (and r]{BH) C B but the latter is unnecessary for us). 
These data determine pH G ^X*(Tf/) and p e ^X^,{T) as the half sums of all positive coroots in Th and 
T, respectively. Moreover 77 induces ry* : X^(Tff) X^,(T). 

■^Consider the Jordan-Holder quotients Mi, ...,Mk of H^(Su (G), C^,e (Sie Q)- By Burnside's theorem, the Q-algebra 
morphism from 'Hij{G{A'p'),Q) to EndQ(Afj) is onto. So the Jordan-Holder quotients remain irreducible after ®qC 
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Definition 2.21. An L-niorphism t] : ^ is said to be C-preserving if p — rj^.lpn) at each v\oo 
belongs to X^{f) (rather than just ^X^{f)). 

In view of Definition 12. 1[ a C-preserving L-morphism carries L-packets of C-algebraic representations 
to L-packets of C-algebraic representations at infinite places. The C-preserving property does not depend 
on the choice of maximal tori and Borel subgroups. Indeed one can go between different maximal tori in 
H (resp. G) by conjugation. Moreover if Th is fixed, another choice of Bh changes pH by a Weyl group 
element wh for H, but clearly whPh — Ph ^ X^,{Th) so p — rj^ipn) is shifted by an element of X,(T) 
(rather than just (T)). A similar argument shows the independence of the choice of 13 as well. 

The aim of this subsection is to show that for a C-preserving L-morphism, the transfer of unramified 
representations is compatible with twisting by field automorphisms of C. We begin with some preparation. 
Let S' be a finite set of places of F containing 6*00 such that G and 77 are unramified whenever v ^ S. 
From now on assume v ^ S. Let Ay be a maximal _Fi,-split torus of G, and Ty be the centralizer of Ay in 
G over Fy. Let By be a Borel subgroup of G containing Ty. Define p„ G ^X^.{Ay) to be the half sum of 

1/2 

all F^-rational B^-positive roots relative to Ay. Write qv for the positive square root of Qy. Denote by 
sgn^p^ : Ty{Fy) — ?> {±1} a character defined via the following composite map 

Ty{Fy) ^ Ty{Fy)/Ty{Oy) ~ X ,{Av) ^ {il} 

where A € A", (A^,) is sent to A(tn„) € Ty{Fy) /Ty{Oy) under the isomorphism in the middle and to 
{(^{ql''^)lql''^Y^''^f''^ e {±1} under the last map. (In particular sgn^ p„ (-^) — 1 if either qj G Q or 
(A, py) e Z.) Likewise An^y, Tn^y, BH,y, Ph,v and sgn^. ^ are defined for H. Write S^J^ : Ty{Fy) -> M^q 
for the modulus character, which factors through the character A H> {ql^^)^'^''^^^'^ from A,(A„) to M^q. 

Lemma 2.22. Suppose v ^ S and let Xv ■ Ty{Fy) — > be a continuous character. If ny S Irr"'^(G'(i^t,)) 
is a subquotient of ii-hidL^'"^p ^(xy) then for every a G Aut(C), tt^ is a subquotient of n-ind^^^p ^(Xy <Xi 
sgn^ p^). The exact analogue holds true for H. 

Proof. Recall that the unnormalized parabolic induction commutes with cr- twisting, cf. Lemma 12.91 So 
TTy is an unramified subquotient of the following representation: all inductions below are from By(Fy) to 

GiFy). 

n-ind(x„)'^ - Ind(x„ ® S'jy = lnd{x: ® (d'jy) = n-ind(x: ® 

By definition (Sb'^)'^ /Sg^'^ = sgn^^^. Since a principal series representation has a unique unramified 
subquotient, the first part of the lemma follows. The argument for H is the same. □ 

We have that ry is unramified at w ^ S", so it comes from a map on Fr„-cosets H >^ Fr^, G xi Fiy, 
again denoted 77. The Satake isomorphism provides a canonical bijection between the set of G-conjugacy 
classes in G x Fr„ (resp. (if-conjugacy classes in i? x Fr„) with Irr"''(G(F„)) (resp. Iri^'^ (H (Fy))) . Write 

77* : Irr"'-(iJ(i^,)) ^ Irr"(G(^„)) 

for the map induced by 77. 

Lemma 2.23. Let v ^ S and suppose that 77 : — > ^G is an L-morphism with finite kernel. (So rj is 
unramified.) Then there exists N G Z>o such that every fiber of rj^, has cardinality at most N. 

Remark 2.24. The N in the lemma can be chosen independently of v. For this observe that the order of 
the Weyl group in G is clearly bounded independently of v and that the size of the kernel of ?7t,* is also 
uniformly bounded since there are only finitely many Fr^-actions on Tj^ y and Ty as v varies (up to Weyl 
group actions). 

Proof. Obviously the proof is reduced to the case where rj is injective, which will be assumed throughout. 
Let ^Bh,v be a Borel subgroup of relative to the base field Fy (see [6l §3] for this and other related 
notions in the proof). Then Bh,v ■= '"I3h,v n 7? is a Borel subgroup of H. Since rjlBu^v) is a closed 
solvable subgroup of G, it is contained in some Borel subgroup By of G. Then the normalizer ^_B„ of 
By in ^G is a Borel subgroup of ^G. Let in ■ '"Bh,v ^ ^-ff and i : ^By ^ ^G denote the inclusions. 
Write Tji^y and Ty for the maximal tori in I3h,v and By. The normalizer ^Th,v of Tn^y in ^Bn^y is a Levi 
subgroup of ^BH,y, and similarly we have a Levi subgroup of ^By. We can identify ^TH,y and ^Ty 
with the L-groups for minimal Levi subgroups TH,y and Ty of H and G over Fy, respectively. Clearly 
we have ■q{^BH,v) C ^By and so ■q{^TH,y) C ^Ty. Denote the induced map ^TH,y ~^ ^T by -qr- Notice 
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that i, in and rjT arc unramified. We have a commutative diagram as below on the left, which induces a 
commutative diagram on the unramified spectra. 

^Th,, , lrr"(rH,.(^^.)) lrr-(r„(F„)) (2.2) 



U> lrr"' (i/(F„)) ^ Irr"(G'(F^)) 

We know ([6; §f0.4]) how to describe and in.* using parabolic induction: i*{xv) is the unique unramified 
subquotient of n-ind(xi,) and the analogue is true for in,*- According to the well known classification of 
unramified representations, we know firstly that z* and in,* are surjective and secondly that the fiber of 
(resp. iH.*) has cardinality at most the order of the Weyl group for Ty in G (resp. for Th,v in H). This 
order can be bounded uniformly in v. On the other hand r/T.* has finite fibers. Indeed [6l §9.4] identifies 
T]T,* with a group homomorphism 

fH,v/{FTy - l)fH^v ^ r„/(Fr„ - I)f„ 

(Fr^ denoting the geometric Frobenius action), and the above map has finite kernel ([51 §6.3, (2)]). All 
in all, the fibers of 77* are finite. 

□ 

Lemma 2.25. Suppose that rj : — > is C-preserving. Let v ^ S. For each TrH,v € ^^i^^'^ {H (Fy)) , 
(i) {'n*T^H,vY = V*{t^h,v)- 

(in) If T] has finite kernel and N is as in Lemma \2.23\ then [Q_{TrH.v) '■ Q{v*'^H,v)] < 

Proof. Let us prove (i) . Adopt the setting in the proof of the last lemma. The first observation is that 
when H — Th and G = T arc tori, (i) follows from the fact that 77* is naturally defined over Q since an 
algebraic map ^Th — > corresponds to a Fr^j-equi variant map X^.{TH) = X*{Th) — > X^.(T) = X*{T). 
Now consider the general case. For simplicity of notation only in this proof, we use n-ind to mean the 
unique unramified subquotient of the normalized induction. Now by surjectivity of in.-* write 'nH,v = 
'i'H,*iXH,v) = n-ind^^ ^ iXH,v) for a smooth character xh,v ■ Th,v{Fv) C^. Put Xv Vt,*{xh,v)- From 
the case of tori we know that 

Using Lemma 12.221 and the commutativity of (|2.2I) we compute 

{v*T^H,vV = {'n*iH,*XH,vV = {i*XvT = n-ind(xt,)'^ = n-ind(x;^ «) sgn^^^J. (2.3) 
Similarly, noting in addition that rjx^* is a homomorphism, 

V*{t^h,v) = ri*{iHAXH,vY) = vShAXh,v ® ^S^a^pnJ (2-4) 
= n-ind(7]T,*(Xff,t, ® sgn^ J) = n-ind(r7T,*(Xff,t,) ® ilT,*{sgn„^p^ J) ^ n-ind(x^ sgn^_^^(^^_^)). 
Since rj is C-preserving, sgn^ ^^ — sgn^ ^^^j-^^ ^-j and thus the proof of (i) is complete. 

Part (ii) is clear from (i). To verify (iii), put -Ky :— r/^.-KH.v By (i), tt^ € r]~^{Trv) for every a £ 
Aut(C/Q(7r„)). This yields a homomorphism from Aut(C/Q(7r„)) to the permutation group on ri~^{TTy). 
Since |77^^(7i'i,)| < N , the kernel has finite index at most A^!. This proves (iii). □ 

Corollary 2.26. Keep the assumptions of Lemma \2.25\ 

(i) Let V ^ S. If 7rH,y G Irr"'^(iJ(i^^)) is C-arithmetic then r]fTrH,y is C- arithmetic. The converse 
is true if there is a constant n such that every fiber of rj^, : Iri^" (H (Fy)) -> Itt^" {G{Fy)) has 
cardinality at most k. 

(ii) Let TT/f and tt be automorphic representations of II{Kp) and G{Af) such that Hy — ri^{'KH,v) for 
all V ^ S. IfTTH is C-arithmetic then so is tt. 

Proof. Immediate from (ii) and (iii) of Lemma 12.251 □ 

Remark 2.27. Compare our results with the lemmas 6.2 and 6.3 of [5], where it is shown that any L- 
morphism j] : ^ H ^G carries L-algebraic (resp. L-arithmetic) representations to L-algebraic (resp. 
L-arithmetic) representations. (It is worth noting that they use Galois groups to form the L-groups; it 
can fail to be true if Weil groups are used.) One could try to derive our results in tj4.2l directlv from their 
results by twisting but this is not automatic for two reasons: some groups lack twisting elements (in the 
sense of [51 §5.2]) and some others admit no L-algebraic representations at all. 
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3. Purity and rationality of local components 

The contents of this section are purely local and the following notation will be used. 

9 K is a finite extension of Qp with residue field F^, Ok is its integer ring, and Frob^ is the 
geometric Frobenius element in Ga.\{K^'^ / K) . 

• Wk and Ik are the Weil and inertia groups of K, 

• n is an algebraically closed field of characteristic with the same cardinality as C (usually ft is 
taken to be C or Q; for a prime I), 

• Frobif e Wk/Ik is the geometric Frobenius element, 

• V : Wk — Z is defined as Wk Wk/Ik — Z where the last isomorphism carries FrobA' to 1, 

• I ■ \ wk ■ — >■ is a character given by r 

• sc(7r) denotes the supercuspidal support of tt e \xt(G(K)) . 

3.1. Pure Weil-Deligne representations. Our basic definitions are based on those of p. 471]. 
Their definition is slightly more general in that the weight is allowed to be a real number. For our 
purpose it suffices to consider only integral weights. 

A Weil-Deligne representation (or WD representation for simplicity) of Wk (over $7) is a triple 
(y,/9, iV) where ^ is a finite dimensional i7-vector space, p : Wk — ^ GL[V) is a group homomorphism 
such that p{Ik) is finite, and N S Endn(V^) is a nilpotent operator such that p{t)N p{t)~^ = \t\wk^- It 
is said to be unramified if p{Ik) is the identity and = 0, Ftobenius semisimple (or "F-ss" for short) 
if p is semisimple, and irreducible if p is irreducible and = 0. Let {V, p,N)^~^^ := {V,p^^,N) denote 
the Frobenius semisimplification of (V, p, N), where p^^ is defined as follows: Fix a lift (p G Wk of Frob^- 
and let p(0) = su be the Jordan decomposition with semisimple part s. Then p^^{(j)"T) := s"p{t) for all 
n ^ 1^ and for all t ^ Ik, which defines p^^ independently of the choice. 

Let n € Z>i. For a continuous Z-adic representation r : Gal(A'/iir) — ^ GL„(Q;), there is a standard 
way (depending on whether I p or I = p) to associate a Weil Deligne representation WD{r) of Wk as 
explained on pp. 467-470 of [59]. (One can view WD as a functor on appropriate categories.) 

We recall the key definitions about purity. Let w G Z. A q-Weil number (resp. integer) of weight 
w is an algebraic number a (resp. an algebraic integer a) such that \i{a)\ — q™/^ for any field embedding 
L : C A WD representation (V, p, N) of Wk is strictly pure of weight w if every eigenvalue of the 
image under p of some (hence every) lift of Frob^ is a g-Weil number of weight w. We say that {V, p, N) 
is mixed if there exists an increasing filtration of sub WD representations {Fili^ligz on V such that 
FiliV = if i <C 0, FiliV = V ii i :$> and gr^V := FiliF/Fili+iV is strictly pure of weight i for every 
i G Z. A mixed {V, p, N) admits a unique filtration such that N{Fi[iV) C Fili_2l^. Let us say {V, p, N) is 
pure of weight w if it is mixed and if A"* : gr^_^_j^V — grj,j_iV is an isomorphism for every i with respect 
to the unique filtration just mentioned. More generally let u; be a finite multi-set such that the elements 
of w are distinct integers wi, ...,Wr with multiplicities mi, ...,mr. Then {V,p,N) is said to be pure of 
weight w_\iV — ffi[^i(Vi, pi, Ni) with each [Vi, pi, Ni) being pure of weight Wi and of dimension m^. (If 
so, we have in particular \w\ ~ mi + • • • + rrir ~ dim V .) Finally a mixed {V, p, N) is integral if for some 
(hence every) lift (j) G Wk of Frobif, every eigenvalue of on V is an algebraic integer (so that every 
eigenvalue of 4> on gr^y is a g-Weil integer of weight i). 

The above definitions are motivated by Deligne's weight-monodromy conjecture in its integral form 
(cf. [TS], [ini Conj 0.3, 0.5]). The conjecture is equivalent to the one without Frobenius semisim- 
ple/semisimplification in the statement. 

Conjecture 3.1. (cf. [46i Conj 0.3, 0.5] j Let I he any prime (which could he equal to p). Let {V, p, N) he 
an F-ss WD representation on a Qi-vector space. If(V, p, N) is a suhquotient ofWD{Hl^{XxKK, Qi))^~^^ 
for some proper smooth scheme X over K then it is pure of weight i and integral. 

It is worth noting that when X has a proper smooth integral model over Ok and / ^ p, the conjecture 
is known by Deligne's work on the Weil conjectures. In that case the WD representation below is 
unramified and strictly pure of weight i. In the non-smooth (bad reduction) case the conjecture is known 
when dim A < 2 by Rapoport and Zink and in some special cases, for instance for certain Shimura 
varieties. A recent breakthrough by Scholze ( [49] ) provides a proof for any complete intersection in a 
projective smooth toric variety. The converse of Conjecture 13.11 which is not as deep as the original 
conjecture, also seems true. (A proof was announced by Teruyoshi Yoshida but has not appeared in print 
at the time of writing.) 

Motivated by Conjecture [3A] (as well as its converse) and the Fontaine-Mazur conjecture ([IT] Conj 1], 
also see [58|, Conj 1.3]), we speculate on the following glohal conjecture, which in particular slightly refines 



ON FIELDS OF RATIONALITY FOR AUTOMORPHIC REPRESENTATIONS 



13 



the conjecture by Fontaine and Mazur in a sign aspect. More precisely, their conjecture says that (i) and 
(iii) below are equivalent if nonnegativity is dropped in (i) and a Tate twist of cohomology is allowed in 
(iii). The conjecture can be stated for all primes I simultaneously in the language of compatible systems, 
cf. [58]. 

Conjecture 3.2. Let F be a number field and p : Gal{F/F) — > Gi„(Q/) o, continuous semisimple 
representation unramified outside finitely many places. The following are equivalent. 

(i) p is de Rham at every place v\l with nonnegative Hodge- Tate weights^ 

(ii) the WD representation associated with p at every finite place v is integral and pure of weight w_, 
which is independent of v, has entries in Z and satisfies \w\ — n. 

(iii) p appears as a subquotient of ®i>oHl^{X x p F,Qi) for some proper smooth scheme X over F. 

When p is furthermore irreducible, we may replace the condition in (ii) with "integral and pure of 
weight w for some w € Z", and the condition in (iii) with "...a subquotient of Hl^{X Xp F,Qi) for some 
i > 0...". (For a given p the corresponding w and i are expected to be equal, cf. Conjecture 13. II ) 

In Proposition 14. II below we derive a partial result toward Conjecture 13.21 from the well known results 
concerning the construction of Galois representations from automorphic representations. That result will 
be a key to the finiteness result of where the role of integrality will become clear. This was our 
original motivation. However Conjecture 13.21 is interesting in its own right and we plan to discuss it in 
more on some other occasion. 

Remark 3.3. Part (ii) may be equivalent to (ii)' below, allowing to exclude finitely many v: 
(ii)' the WD representation associated with p at almost every finite v is pure and integral. 

Conjecture 12.81 suggests that it would also be equivalent to: 

(ii)" the WD representation associated with p at (almost) every finite v is integral and has its field 
of rationality contained in some number field E independent of v. 

Remark 3.4. We are reduced to a more standard conjecture if we get rid of "with nonnegative Hodge- Tate 
weights" in (i), "integral" in (ii) and allow a Tate twist in (iii). In this form we already mentioned that 
the equivalence of (i) and (iii) is exactly the Fontaine-Mazur conjecture. 

Remark 3.5. The implication (iii)=>(i) is known by results of p-adic Hodge theory (the solution of the 
Cpst conjecture and comparison of filtrations in complex and p-adic Hodge theories) and the fact that 
the Hodge filtration on Hl^{X XpC,Qi) has jumps only in nonnegative indices with respect to any field 
embedding F ^ C According to Conjecture 13. II (iii) should imply (ii). Finally we remark that (i)<J=>(ii) 
may be viewed as the arithmetic analogue of Conjecture 12.81 

Remark 3.6. When p is associated with a cuspidal holomorphic eigenform / = X]n>i '^n'?" ^f weight k 
{x > 1) then (under a suitable normalization) p satisfies (i), (ii) and (iii) with Hodge- Tate weights and 
k — 1. When applied to the twist of p by the cyclotomic character, (i)<^(ii) in Conjecture 13.21 amounts 
to the assertion that / is ordinary, i.e. Op is a p-unit under the normalization oi = 1, at infinitely many 
primes p. 

It is useful to know a preservation property under base field extensions. 

Lemma 3.7. Let p — (V, p, N) be a WD representation ofWx, and L/K be a finite extension. Then 
p\wl pure (resp. integral) if and only if p is pure (resp. integral). 

Proof. Straightforward. (The preservation of purity is Lemma 1.4.2 of |59]). □ 
Given (y,p, iV) as above and s e Z>i, one constructs a new Weil-Deligne representation 

Sp,(y) ■^{v\p\-\'^^®---®p\-\w^®P, N) 

such that N : p\ ■ ^ p\ ■ for i — I, ...,s — 1 and N = Q on p. Note that Spj,(F) is uniquely 
determined up to isomorphism. If {V, p, N) is pure of weight w then Sp^(T^) is pure of weight w + s — 1. 

Lemma 3.8. Let n>\ and {V,p,N) be an n-dimensional F-ss WD representation of Wk . Then there 
exist 

• me Z>i, si,...,s„j e Z>i and 

• a collection of irreducible Ui- dimensional F-ss WD representations {Vi,pi,Qi), i = l,...,m, 



In our convention the cyclotomic character has Hodge- Tate weight —1 (rather than 1). 
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such that V = ©™ iSp^.(Vi). Moreover if (y,p,N) is pure of weight w G Z then each Vi is strictly pure 
of weight w — Si + 1. 

Proof. The first assertion follows from the standard fact that any indecomposable F-ss WD representation 
is of the form Sp^(V^) for an irreducible F-ss WD representation V. If {V, p, N) is pure of weight w then 
so is each Sp^. (K). From this and the definition of Sp^. (V^) it is elementary to verify that Vi is strictly 
pure of weight w — Si + I. □ 

Pure Weil-Deligne representations enjoy a remarkable rationality property of importance to us. 

Lemma 3.9. A pure F-ss WD representation (V,p,N) of Wk (of some weight w e Zj has a number 
field as a field of rationality. 

Proof. By Lemma \3M it suffices to treat Spg(y) when {V,p,0) is an irreducible F-ss WD representation 
which is strictly pure of weight w S Z. Clearly Spj,(T^) can be defined over the same number field over 
which {Vi, Pi, Ni) is defined. Hence we are further reduced to showing that {V, p, 0) has a number field as 
a field of rationality when it is irreducible and strictly pure of some weight w G Z. 

It is enough to verify that the trace function T := ti p : Wk — >■ ^ has image contained in a finite 
extension of Q in fi. Fix a lift (j) S Wk of Frob/f . The eigenvalues of say Ai, A„, are contained 
in a finite Galois extension of Q as they are Weil numbers. We will show that there exists rf > 1 such 
that for every to > 0, 

pi^"^Tf = p{^"^f. 

Then for every r £ Wk, the eigenvalues of p(r) are contained in the set of a G such that a'^ G 
{A™, A™} for some m > 1. The set of such a clearly generates a finite extension of E, in which T{Wk) 
must be contained. 

Let us show the existence of d as above. For A,B £ GLn{V) we write for BAB^^ . The homomor- 
phismr i-> (j)T(j)'^ induces a homomorphism 6* : (j)^ — Aut(/if //ii-nker(p)). Put i :— \Ik / lK<^^er{p)\ < oo 
and j := \Aut{lK/lK n ker(p))|. Then p(t)^ = 1 and p(t)''(*') = p(t) for all t e Ik. Then (using 
p(t-)p(0^) = p^t) and p{t)^ = 1 in the second and third equalities, respectively) 

p(^"r)*V(?i'")"'^' = p(t)''(^'"V(t)'''"^""^ • • • p(t)''('^'"") 



= (p(r)''('^'"V(T)''^^""^ •••p(r)''('^""))' = L 
Hence we get the desired d by putting d := ij. 



(3.1) 



□ 



Later we would like to utilize some results of Arthur, in which local L-parameters are used in place 
of Weil-Deligne representations. We recall the standard way to go between the two. Recall that a local 
L-parameter for GLn{K) is a continuous homomorphism 

if.WK X SL2{C) GL{V) 

for an n-dimensional C- vector space V such that ^\wk semisimple and 'f\sL2(C) is an algebraic repre- 
sentation. For such a ip one associates a WD representation WD{ip) :— {V,p,N) such that 

1 





p(r) = ^ r, ' , , iV-^ 1, 



The association </? i-> WD{ip) defines a bijection between the set of equivalence classes of L-parameters for 
GLn{K) and the set of isomorphism classes of n-dimensional Frobcnius semisimple WD representations. 
(In fact it is a categorical equivalence.) In fact the L-parameter tp can be defined over any f2 in place 
of C and the various definitions for WD representations at the beginning of §3.11 carry over to tp. For 
instance ip gives rise to a pure WD representation if and only if p\wf is strictly pure of integral weight 
in the sense defined earlier. 

3.2. Twists of the Local Langlands correspondence. Let recK denote the local Langlands bijection 
for GLn{K) as in ^27j (cf. ^29^) so that for each irreducible smooth representation tt of GLn(K), recii-(7r) 
denotes the associated n-dimensional Frobenius semisimple Weil-Deligne representation of Wk. Here 
both representations are considered on C-vector spaces. We introduce a different normalization 

^K{n) :=recK(^)®|-|^r'^/'. 
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It was shown in [571 Lem VII. 1.6. 2] that 

^Kin") = ^k{t^Y, Va e Aut(C/Q). (3.2) 

(To be precise ^7] shows (|3.2p up to semisimphfication, i.e. disregarding N , but this easily imphes (|3.2p 
without semisimphfication.) Hence recj(-(7r'^) = rec;f(7r)'^ for ah <t G Aut(C/Q(g^/^)). 

Lemma 3.10. Let tt he an irreducible smooth representation of GLn{K) (on a C-vector space), //^/f (tt) 
is pure of weight w G Z then Q(7r) is finite over Q. 

Proof. Immediate from Lemma 13.91 and (|3.2p . □ 

3.3. Bound on field of rationality implies bound on ramification. For j E ]R>o let Ij^ denote 
the j-th ramification subgroup of Ik with respect to the upper numbering. Similarly for any Galois 
extension M of L (which are extensions of K), we write Gal(M/L)'' and Ga\{M/L)j for the upper and 
lower numbering ramification subgroups of Gal(M/L). Denote by dep and cond the depth and conductor, 
which are defined for WD representations of Wk as well as irreducible smooth representations of GLn{K). 
The depth of a WD representation {V, p, N) may not be as standard as the others so we recall it here: 
dep{V, p, N) is defined to be the infimum among the elements j E M>o such that p{Ix) is trivial. The 
infimum is actually attained and the depth is a rational number. 

The following lemma will play a key role in the proof of finiteness results of §5.51 In the proof all 
extensions of E (which is a subfield of C) arc considered in C. 

Lemma 3.11. Fix n E 1>\ and A E Z>i. There exists d — dn^K,A G IR>o (depending on n, A and 
K ) such that for every n-dimensional F-ss WD representation (V, p, N) whose field of rationality is an 
extension of Q of degree < A, 

dei>(y, p, N) < d. 

Proof. Consider the representation : Ik — > GL{V) with finite image. Let E be the field of rationality 
of {V,p,N). By (1221), ~ AV for aU a E Aut{C/E). We take the trace and see that the degree n 

characteristic polynomial of p(r) has coefficients in E. Hence each eigenvalue A of p{t) for t E Ik, which 
are roots of unity, must be contained in a finite extension of E of degree < n, so in a finite extension of 
Q of degree < nA. Let / be the least common multiple of the order of A as A runs over all eigenvalues 
of p{t) for T E Ik (i.e. the least power / > 1 such that A-'' = 1). In particular /o(t-^) is a semisimple 
element with all eigenvalues equal to 1, i.e. the identity element. 

Put p<nA '■— U l^oo{E") where p.oo{E") denotes the set of all roots of unity in E" . One sees 

lE":Q]<nA 

from an elementary theory of cyclotomic fields that p<nA is a finite set (its cardinality is the least common 
multiple of m G Z>i such that ip{m) < nA, where ip is the Euler totient function). We have / < |/i<,iy!i|, 
an upper-bound which by construction depends only on n and A. 

The finite group H := / ker p is equipped with an embedding p : iJ ^ GL{V) induced by p. Let E' 
be the finite extension of Q obtained by adjoining all /-th roots of unity. As H has exponent dividing /, 
Brauer's theorem ( |511 §12.3, Th 24]) implies that p is defined over E' , i.e. there exists a representation 
J)' : H ^ GL{Ve') on an i^'-vector space Ve' such that p' (g)^;' C ~ p as iJ-representations. 

Now choose any prime / relatively prime to /, and a place w of E' above I. Denote by kw the residue 
field of E' w. The /-adic representation J)' : H ^ GLn{E'^) has a model over GLn{OE'^) in the sense 
that the model becomes isomorphic to p' after extending scalars to E'^^ We denote the model by the 
same symbol p'. The kernel of the map b : GLn{OE'^) GLn{kw) taking matrix entries modulo the 
maximal ideal of Oe[^ is a pio-l group, which must have trivial intersection with H. Hence bop' is an 
injection H ^ GL„(A;^). The upshot is that 

|/K/kerp| - |F| divides |GL„(fc^)|. (3.3) 

The cardinality |GL„(A:u,)| can be made to depend only on nA. Indeed / and E' depend only on nA 
by construction. By choosing the minimal prime I coprime to /, and w above I minimalizing \kw\, we 
arrange that the cardinality |GL„(fcuj)| depends only on nA, cf. p.4|) below. 



^After furnishing the proof of the lemma, wc found that a proof had been given to an essentially same problem by |21l 
§4. (a)]. We note two differences. First wo work with the field of rationality rather than the field of definition. Second we 
obtain an explicit bound on d„^A,K which is not immediately available from 1211 . 

^This is true even for continuous i-adic representations of any profinite group. The main point is that the O^r -module 
generated by finitely many translations of an Oe' -lattice is still an Oe' -lattice. 
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Now it is enough to verify the existence of e Z>o with the fohowing property: 

Gal(L/i^"'y = {1} 

for all finite Galois extension L of K^^ such that [L : K^^] divides |G'L„(fcu,)|, where K™ denotes the 
completion of the maximal unramified extension of K. This is a standard exercise. Indeed, writing cl 
(resp. ck) for the absolute ramification index of L (resp. K) so that elements of take valuations 
exactly on (if p is normalized to have valuation 1), we know that Gal(L/iir"'')d' = {1} for all 

d! > CL/ip— 1) by IV. 2, Exercise 3.c]. The same is certainly true for d'-th upper numbering group 
since the latter is identified with d"-th lower numbering group for some d" > d' . Since < \GLn{kw)\eK^ 
we conclude that the choice of d = \GLn{kw)\eK / {p — 1) satisfies the desired property. 

□ 

Corollary 3.12. Fix n,A G Z>i. There exists d £ Z>o (depending on n and K) such that for every 
C-algebraic tt G Irr(G'L„(-R')) satisfying [Q{t:) ■ Q] < A, we have that 

dep(7r) < d, cond(7r) < dn. 

Proof. Keeping p.2[) in mind, we apply Lemma 13.111 to find d G Z>o such that for every tt as above, the 
WD representation ^xCt) := {V,p,N) has depth at most dn.A- Since dep(7r) ~ dep(y,p, iV) by |7D} Th 
2.3.6.4], we see that dep(7r) < d. The assertion on conductor holds true with / := dn thanks to Lemma 
IXT31 below. 

□ 

The following lemma may be well known but we present a proof here. 
Lemma 3.13. For every tt G lTT{GLn{K)), cond(7r) < n ■ (dep(7r) + 1). 

Proof. Let (V, p, N) :— ^k{t^). Since rec^ and thus preserve conductor, we obtain from the formula 
for the Artin conductor of (V, p, N) that 





cond(7r) = codim (V^^^) ~ + codimV^'< dj. 

Jq 



Each codimension is certainly less than n and by definition the integral is supported on the interval 
< j < dep(V, p, N). The inequality again follows. 

□ 

It is worth emphasizing that the constructive nature of the proof of Lemma 13.111 makes it possible to 
find an explicit bound in that lemma (and also in Corollary I3.12p . The first step of the proof was to 
adjoin all roots of unity of degree < n[E : Q]. This yields the explicit bound / < |Mn[_E:Q]l < {2n[E : Q])!. 
To obtain an effective bound of better quality we establish the following result. 

Lemma 3.14. For each n > I there is a constant c„ > such that the following holds. For any number 
field E let F he the finite extension of E generated by all the roots of unity that are of degree < n over 
E. Then 

[F ■.E]<c^[E:Q] 

Proof. We have F = E{(n) for some > 1. Write N = Yl p^. It is not difficult to show that (j){p^) 

p^\\N 

divides n\[E : Q] but we shall derive a more precise estimate below. 
Since the extensions E{(pr) are linearly disjoint over E, 

[F:E]^l[ m,^):E]. 

p'-IIA 

Let E{p) -.^EnQiCpr). Then similarly [E : Q] > Up\NiE{p) : Q]. 

Since Q(Cp'-) is Galois, it is linearly disjoint from E over E{p). Thus we have [Q(Cp'-) '■ E{p)] — [E{(pr) : 
E] and therefore 

^{pn^mp.):E][E{p):Q]. 
Since [E{(^pr) : E] < n we can deduce the inequality 



[E{p):Q] " V"'" '""'HPn 



< min (p{p^), n, 
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Taking a product we deduce the estimate 

In the last inequahty we could extend the product to all prime numbers and the choice c„ = n" is 
admissible. This concludes the proof. □ 

Using the Lemma r3.14l we have the bound / < c„^ in the proof of Lemma [3. Ill Since there is a prime 
between / and 2/ (if / > 2) by Chebyshev's theorem, we can choose the prime I < 2f. On the other 
hand [k^ : F;] < [Q(/x/) : Q] < /, hence |GL„(A:^)| < n^l^ < n^{2fy . So a value 

p-\ 

is admissible for the conclusion of Lemma [3.111 to hold. Actually we shall establish an improved bound 
using a more efficient argument: 

Lemma 3.15. (i) Let H be a finite subgroup o/ GL„ whose traces generate a field E with [E : Q\ < A. 
The order of a p-Sylow of H is at most < c„^pA" for some constant c„^p depending only on n and p. 
(a) In the statement of Lemma \3.11\ the constant 

dnM.A < Cu.kA" (3.4) 

is admissible, where Cn,K depends only on n and K . 

Proof, (i) Let Hp be a p-Sylow subgroup of H . By a result of Roquette, the Schur indices of Hp are 1 
if p 7^ 2 and 1 or 2 if p = 2 (see [52] for a direct proof using the Hasse invariant). Since the traces of 
elements of Hp C H are in E, this shows that the representation Hp C GL{V) can be realized over E if 
p ^2 and over E{^/—1) \f p = 2. 

There remains the problem of estimating the order of a finite p-group Hp inside GL„(£') where E is 
a number field. Minkowski obtained optimal bounds when E — <Q_. The method can be extended to a 
general number field E and Schur gave a different proof using character theory. Serre [54j treated the 
case of an arbitrary E. If p 7^ 2, then: 

^<„. 
\ogp 

where t = \E{C,p) : E] and m € Z>i is the largest integer such that (pm e E{(p). There are some nontrivial 
modifications if p = 2 to get a sharp bound, but this is not relevant for us since we are interested in the 
behavior for A large. 

Certainly 4>{p™) < [E((p) : Q] < tA. Therefore there is a constant c„ depending on n such that 
l-f^pl < c„(tA)T. In particular \Hp\ < Cn,pA" for some constant Cn,p depending only on n and p. 

(ii) This relies on the basic structure of the inertia group Ik- For any Galois extension M of L and any 
integer j > 1, the quotients Gal(M/L)j/Gal(M/L)j+i can be identified with an additive subgroup of the 
residue field of M. Since these are abelian group of p-power order we have that Gal(M/L)i is a p-group 
f [52l IV. 2, Corollary 3]). We are in position to apply the assertion (i). Then similarly to Lemma [3. Ill we 
can conclude the proof of the estimate p.4p . □ 



n 




n 




n 


.1- 


+ 


Jt\ 


+ 


_pH_ 



4. AuTOMORPHIC REPRESENTATIONS OF CLASSICAL GROUPS 

In this section we recall the endoscopy and the associated Galois representations for automorphic 
representations of symplectic, orthogonal and unitary groups. A key input is the integrality proposition 
in ^14. II coming from an arithmetic geometry study of Shimura varieties. 

4.1. Galois representations associated to automorphic representations. Let n e Z>i. Let F+ 
be a totally real field and consider the following two cases: 

(CM) is a CM quadratic extension of with complex conjugation c (so that F+ — F'^^^) or 

(TR) F = F+. 

Let n be a regular C-algebraic cuspidal automorphic representation of G'L„(Ai?) such that Hoc has the 
same infinitesimal character as an irreducible algebraic representation S of Res^/QGL„. The highest 
weight for S may be written as a(S) = (aCT,i)crGHomQ(F,c), i<i<n with aa-,i G Z, viewed as a character of 
the standard diagonal torus of Resp^qGLn- We further assume in each of the above cases that 
(CM) ~ Hoc. 
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(TR) ~ n (g) (det ox) for x ■ -F^\A^ such that is the same for every v e 5*00- 

In case (CM), fix a subset $+ C HomQ(F, C) such that $+ ]J $+00 = HomQ(F, C) (called a CM- type). 

Recall that various notation and notion about WD representations were introduced in ii3.ll and the twist 

of the local Langlands correspondence J^'p^i^v) in §3.21 

Proposition 4.1. There exists a family ofl-adic representations (for varying I) 

{Ri,,,(n) : Gal(F/F) ^ GL„(Q,)}i,M, I « Prime and t/ : ~ C 
such that for every finite place v of F, 

Ji'p^illy) is a pure Weil-Deligne representation of weight n— I, andlly are essentially tempered. Moreover 
there exists s(noo) G Z (depending only on IIoo and F) such that for every finite v, ^f^(J^v)\ ' |^'*(noo)/2 
is integral. 

Remark 4.2. When v ^ S and v \ I, the proposition tells us that J^f^(J^v) is unramified, strictly pure of 
weight n—1 and the eigenvalues of Frob„ on .^f^ (n„) are g^-Weil numbers of weight n — 1 which become 
algebraic integers after multiplying qy^^°°\ 

Remark 4.3. A more elementary method seems available in some cases by exploiting the integral structure 
on the space of algebraic modular forms (cf. [24] ) on classical groups which are compact at infinity, without 
the need of arithmetic geometry and Galois representations. We have not adopted it here as we do not 
know how to cover all cases with that approach. 

Proof. Except for the last assertion the proposition is a result of combined effort: See [3J Th A] as well 
as [51 Th 1.2], [n Th 1.4], Th 1.1] and HSl Th 1.1]. 

The last assertion on integrality remains to be justified. The main idea is that the Galois repre- 
sentation i?i(n) — _R;.t,(n) of the proposition is essentially realized in the cohomology of a certain 
{n — l)-dimensional compact Shimura variety Sh to which some general results in arithmetic geometry 
(such as [H Cor 0.6.(1)]) apply. A precise argument requires us to import lots of notation and various 
pieces of results. For any difhculty caused by this to read our proof we apologize. We will recall at least 
some of the important notation and facts as we go along. 

In case (TR) it is possible to choose a CM quadratic extension L of F and an algebraic Hecke character 
(j) : L^\A2 — > such that = xx'^ and iJC^/j? (11) is cuspidal. (One can make a choice to ensure 
cuspidality by arguing as in §1 of [H].) Then 11' := i3Ci/i?(n) (g) is conjugate self-dual, regular and 
C-algebraic. Thus the proof of the integrality assertion is reduced to case (CM) for L and 11' via Lemma 
K7\ 

From now on we put ourselves in case (CM). Starting with the case where n is odd, we will derive 
the integrality result as a consequence of [SB] and [S^. It is desirable to reconcile notation with [SB] at 
the outset to avoid confusion. Only in this proof G denotes the unitary similitude group as in [56] . Our 
n corresponds to 11^ in that paper. The notation 11 there, designating a representation of G{Ae), will 
be written as 11' here. (So the finite part of the representation 11' of G{Ae) — GLi{Ae) x GL„(Ai?) 
descends to the finite part of an automorphic representation of G(A).) 

Since integrality may be checked after a series of finite cyclic base changes (Lemma 13. 7p we may and 
will assume that conditions (i)-(v) of §6.1 and the five assumptions at the start of §7.1 in [56] are satisfied. 
In particular F contains an imaginary quadratic field E. Fix an embedding te : E ^ C and choose 
to be the set of ^ C extending te. Recall that (ao-,i)crgHom(F,c),i<i<n is associated with S. Choose 
a Hecke character ip : E^\A^ C as in [53 Lem 7.2], cf. [571 Lem VI.2.10]. The proof in the 
latter reference shows that ^00(2) = te{z)'^°, where oq :— —J2ae<s>+ i<i<n^<'-^- ? irreducible 
algebraic representation of G XqC ~ GLi(C) x n^g$+ GLn{Fa) of highest weight (oq, iacr,i)ae'S>+ .i<i<n)- 
Put 

da ■= m<K (max(0, Oo-^j)), := ^ \aa,i ~ da\, t^ := ao + ^ kd^, = {sg- + kdg), 

l<i<fe ae*+ 

and s(noo) := 2ij — min(0, aq). Note that s(noo) depends only on the data defining Hoo- One can check 
that 2t^ ~ = 2ao + J^a.i cf. 27, p.98], [SH p.476]. 
Consider the etale cohomology 

Hg-\Sh, C^) := Inn H'^-\Shu XpF, C^) 
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as U runs over sufficiently small open compact subgroups of G(A°°). The limit is a Q;[G(A°°) x Gal(F/i^)]- 
module, which is admissible (resp. continuous) with respect to the G{A°°)- (resp. Gal(F/F)-)action. 
For small enough U, iJ^~^(Shy xp F, C^) is finite dimensional and 

where is an idempotent of [591 pp-476-477], which gives rise to an element of the Chow group 
CH"~"^^'"'=(Sh(7 X F Shu)iQ. (The subscript Q indicates that the coefficient ring is taken to be Q.) On the 
other hand, H?~^{Shu x p F,C^) is the direct sum 

(7^°°)^ I ® ( i?r'(^°°)® (^")^ I (4-1) 

^BC(7rS.~)~(n')S.°° / \BC(7rS,==)^(n')S.== / 

where the first (resp. second) sum runs over 7r°°, the finite part of discrete automorphic representations 
of G(A), such that BC{-k^^°°) ~ (n')^'°" holds (resp. does not hold). According to [51] Cor 6.8], there 
is a positive integer Cg and a Gal(F/F)-representation R[{U') such that CcR'iiJ^') = ®7r°°-Rr~^('^°°) 
where the sum is taken over the same set as in the first sum of (|4.ip . The corollary 6.10 of [53] tells us 
that Ri (n) in the proposition is given by 

i?,(n) := ^;(n')«)rec/(V'). (4.2) 

The decomposition (|4.ip allows us to find an idempotent 6^ in the Chow group CH"^^(Sh[/ x p Sh;7)Q 
such that Cg ■ R'i{^') — b^Hl\~^{Shu Xp F,C^), equivariant for the Gal(F/i^)-action. (First, find an 
idempotent separating each 7r°°-part as in the proof of the lemma 2.3 in [59]. Then one uses a Hecke 
algebra element which acts with trace 1 on each 7r°° such that BC{tt^'°°) ~ (11')'^'°°.) Write for 
the pullback of 6^ along the projection from A^'' x A^^ to Sh^/ x Sh[/. Since (Sh[/ Xp F,C^) for 
j 7^ n — 1 is linearly independent from {tt°°)^ for any tt°° as in (14. ip by [56l Cor 6.5.(i)], we may 
construct a correspondence F coming from CH(^'"« x )q such that F acts on H^^{A^'^ Xp F, Qi(t^)) 
as o if j — n — 1 + and if J ^ n — 1 + m^. By construction we have an isomorphism of 
Gal(F / i^)-representations 

Cg ■ Rm'){-k) ^ r . i7;;-^+"«(^™« -^fFMi)- 

Finally we apply the argument of [IHl Prop 3.5] Q noting that his condition (3) is satisfied for F as 
above. The conclusion is that any lift 0^ of Frob^ on H^^ ^^'"^(^^'^ Xp F,Qi) has algebraic integers 
as eigenvalues. Hence the WD-representations associated with HV■^^^{Sh^ Xp^ F^, C^){—t^) as well as 
R'ii'n')i-k)\ce.i(F^/P^.) are integral. By WD{Ri{Il)i-^) (g, leciipy^l^^^^p^^p^^) is integral. We 

have 

^^.„(n„)l . = HWD{Ru,{U)\^^,^-p^/^^^f-\ ■ 

= tiWD{Ri{n){-^)®Tec{4^)-%^,^-j,^^^pJ ® HWD{iec{^,)-^\ ■ 

Since VFD(rec(^^)~^]- ]^7 ™^''('^'°') is integral by Lemma BTH below we are done with verifying the integrality 
of ^F„(ni,)l • when n is odd. 

It remains to justify integrality when n is even. The argument is essentially the same as above, 
so it would suffice to point out what modifications are needed. In this case we put ourselves in the 
setting of [9], which shows that i?i(n)®^ is realized up to an explicit twist in H^^~^{X,C^) for the 
(2n — 2)-dimensional Shimura varieties therein. By arguing as above, we obtain s(noo) G Z such 
that WD{Ri(n)^^\Q^^-p IP ^)] • ]^,^'''^°°-' is integral at every finite place v. But the latter implies that 
VF7^(i?i(n)lc^j(^ IP ))] • |^*(n^)/2 ij^^gg^^i 

□ 

Lemma 4.4. Let F he any number field and ^ : F^\Ap — >■ a Hecke character. At each infinite 
place V, suppose that there are some rriy € Z<o and some continuous character F^ — >■ such that 
ipv{z) — Ty(z)™"" for all z G (F^^^ . Then for every finite place v and every uniformizer of Fy, 
il)v{wy) is an algebraic integer. 



difference is ttiat Saito considers the whole H"^ '"^ of Xp F whereas we argue only on its subrepresentation. 
Still it is easy to adapt his argument to our situation. 
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Proof. There exists an open compact subgroup U oi Op — Yim^cxi^w such that tlj\u = 1. Fix a finite 
place V and a uniforniizer zu^. By strong approximation there exists a € such that a G zu^U in 
(A^)^. Since a G Of, a is an algebraic integer. Now 

I oo 

where the sign comes from the character F^/{F^)^ with values in {±1}. The lemma follows. □ 

4.2. Quasi-split classical groups. Later on several results will be established concerning automorphic 
representations of quasi-splil|j classical groups. To this end we would like to introduce basic data for 
symplectic, orthogonal, and unitary groups. Let F+ be a totally real field. We take F to be F^ in 
the symplectic and orthogonal cases and a CM quadratic extension of F"*" in the unitary case. Both G 
and G below will be connected reductive quasi-split groups over F^ . Let us suppress the choice of the 
symplectic, symmetric, or hermitian pairings. 

Define c G Gal(F/i^+) to be the identity if F = F+ and the nontrivial element if F 7^ F+. For 
rt > 1 let J„ denote the matrix with (—1)' in (i,n + 1 — i)-th entry for 1 < z < n and zeros off the 
anti-diagonal. Write 6'„ (resp. 6'„) for the automorphism g i-> Jng^'^J^^ oiYlesp/p+GLn over (resp. 
g I— Jn*g~^J~^ of GL„(C)). The standard embedding of a symplectic, special orthogonal, or general 
linear group will be denoted std. 

In all cases below n G Z>i, G = Kesp^p+GLn (which is just GLn except the unitary case), 9 — 9n £ 
AutF+(G), 9 = 9,1 £ AutF+(G), s G G, and rj : ^G ^ ^G is an L-morphism. We will describe G, s, and 
T] case-by-case. Only for even orthogonal groups, we use the Weil group form of an L-group in order to 
accommodate a half- integral twist, which is needed for 77 to be C-preserving. 

(i) symplectic groups: n is odd, G = Spn-i, s = 1, 

77 = (std, id) : SOniC) xTp^ GL„(C) x Tp. 

(ii) orthogonal groups: n is even, s = 1, 

(a) type B: G = SOn+i, s = 1, 

77 = (std, id) : SpniC) xTp^ Gi„(C) x F^. 

(b) type D: let 6 G F^/(F^)^ be the discriminant of the underlying quadratic form and 
Fs := F(<5i/2). 

• G = SOn, (5 = 1 so that G is a split group, s = 1, 770 = (std, id) : S'p„(C) x F^ ^ 
GL„(C) X Fi? and define 

77 : SOniC) xWp^ GL„(C) x Wp, 77 := 770I • 1^/' 

where | • | is the modulus character on Wp. 

• G — SOn, S ^ 1 so that G is a non-split group, ^G — S'0„(C) x F^ (with Tp acting 
through Gal{Fs/F) on S'0„(C) via order 2 outer automorphism); s = diag(— /„, /„), 
770 : SOn{C) x Tp ^ GL„(C) x F^ is an extension of the standard embedding 
SOn{C) ^ Gi„(C) defined on page 51 of [57] (the map in case d~ = n, = 1, 
and = S 1). Define 

77 : SOniC) xWp^ GL„(C) X Wp, 77 := 770I • \^^^ 

(ii)' This is a subcase of (ii); in case (ii)(a) it is the same as above; in case (ii)(b) further assume 

that S — 1 if n/2 is even and 5 ^ 1 if n/2 is odd. 
(ni) unitary groups: G = C/„, s = 1, ^G = GL„(C) x Tp+ (with Tp+ acting through Gal(F/F+) = 

{l,c}, the c-action being 6n),9 = 6n, 

77 : Gi„(C) xTp^ (Gi„(C) x GL„(C) x F^, 5x7^ (ff, Jng-^J'^) x 7- 

Set e := in case (i), (ii)(a) and (iii) and e := 1 in case (ii)(b). This auxiliary constant accounts for 
the modulus character in the definition of 77. 

The reason for introducing (ii)' is the following: a classical group G over admits discrete series at 
real places (equivalently admits compact maximal tori) exactly when G belongs to (i), (ii)' or (iii). In 



The analogous results for non quasi-split groups are sketched in the last chapter of i2j but might require a few more 
years for a complete proof. 
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each of (i), (ii) and (iii), (G, 5,77) is a twisted endoscopic datum for G x (9) in the sense of [31], of. [3J 
§1.2] for symplectic and orthogonal groups. Observe that in ah cases 

Lemma 4.5. Put ourselves in (i), (ii) or (iii) as above. Let v be an infinite place of F'^ as above. 

• If : Wp+ — > is regular (i.e. the restriction ipv\w—^ is not invariant under any nontrivial 

Weyl element, cf. Definition \2.1\} then rjip^ is also regular. 

• rj is C-preserving (Definition \2.21\] . 

Proof. Both assertions are checked by exphcit computations with root data. We will verify the first 
assertion in case (i) and leave it to the reader in the other cases. We may choose maximal tori T and 
T of G and GLn and Z-bases {e^} and {fj} for the cocharacter groups (1 < « < 1 < i < ?^) and 

such that T] restricts to T ^ T inducing Ci fi ~ fn+i-i on the cocharacter groups. It suffices to show 
that every regular element of X*(r) (8)z maps to a regular element of X*(T) . Let J^i ^i^i '^ith 

fli G be regular. Since the Weyl group is generated by permutation of the indices i and sign changes 
Ci —Ci, the regularity means that a^'s are distinct and that 7^ 0. Then the image J^i '^iifi ~ fn+i-i) 
has the property that the coefficients of fj's are all distinct, i.e. has trivial stabilizer under the Weyl 
group action in GL„. This shows that regularity is preserved under in case (i). 

It is easy to compute the half sum of positive roots to verify C-preservation in each case. We only 
deal with case (ii)(b) to explain the role of the extra half-power twist there. Choose T, T, {e^} and {fj} 
{1 < i < n/2, I < j < n) similarly such that 770 induces fi — fn+i-i on X^,(T) — > X*(T). The Borel 
subgroups can be chosen such that the half sum of positive roots is pc = {n/2 — l)ei + (n/2 — 2)e2 + 
• • • + e„/2_i for G (resp. pgl„ = + + ■■■ + ^.fn)- So 770(^0) - {n/2 - l)(/i - /„) + 

^ (./n/2-1 - /ri/2+1): and r]{pG) = Va{PG) + ^{fi + /2 H h /„). Hence pgl„ ~ v{pg) has integral 

coefficients in /j's, showing that 77 is C-preserving (but note that 770 is not). 

□ 

Lemma 4.6. Assertions (i), (ii) and (iii) of Lemma \2.25\ hold true in the even orthogonal case (ii)(b) 
(even though 77 does not satisfy the hypothesis in that lemma). 

Proof. The same argument in the proof of (i) in Lemma [2.251 for 770 : ■^G ^ ■^G □ 

4.3. Twisted endoscopic transfer for classical groups. We would like to recall elements of local 
twisted endoscopy at a non-archimedean place v of as these will be important to us. (The correspond- 
ing theory at archimedean places is well known.) Kottwitz, Langlands and Shelstad ([37], [34 ) defined 
transfer factors A„(7g,7g) for all strongly regular semisimple elements -fa G G(F+) and 70 G G{F^) 
at every place v of F+. In fact we will use the Whittaker normalization of transfer factors, to be de- 
noted A^*^, which were defined in [SH §5.3] in the quasi-split caseQ We say that 4>v G G^(G(F+)) is a 
A^h-transfer of /„ G G,°°(G(i^+)) if 

5TOf(^')(A)= J2 ^T{i,^)0^^^^\M. (4.3) 

7~st<5 

for every pair (7^, 70) of strongly regular semisimple elements. The proof of the fundamental lemma by 
Ngo, Waldspurger and others (see 02], [63], [65], [66]) ensures that a A^'^-transfer of /„ exists for every 
/„ as above. 

Proposition 4.7. In cases (i), (ii) and (iii) of the previous subsection, 

Ar(7G,7G)eQ (4.4) 

for all strongly regular semisimple elements jq G G{F^) and 7g G G{F^). (In fact A^'^(7g,7g) G 
{0, ±1} with the exception of (ii)(b).) 

Proof We win only sketch the argument. Since A^h differs from Aq of [31 §5.3] by ±1 ([M] p.65]) it 
sufhces to prove the claim for Aq. The transfer factors for classical groups were computed in [ST]- In 
the cases of interest, it is shown that the transfer factor A/ A// A/// belongs to {0,±1} for (G, 5,77) as 
in (i), (ii)(a), (iii) and for (G, 3,770) as in (ii)(b). (See the cases of twisted linear groups in [HTJ §1.10], 

^A^'^ depends on the extra choice of Whittaker data of §5.3 of 34 , which will be chosen globally. The reference to 
this choice will be suppressed as the transfer factors are only affected by sign, cf. page 65 of loc. cit., and do not affect the 
asserted rationality of transfer factors. 
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noting that x is a character of order dividing 2 in the odd twisted linear case and that /i^ and /i+ may 
be chosen to be trivial in the case of base change for unitary groups.) Note that Waldspurger suppressed 
Ajv in his formulas but the transfer factor Aq is A/ A//A///A/y . In case (i), (ii)(a) and (iii) we see 
Ajv — 1 following the definition of [HU §4.5], so the values of Aq range in {0, ±1}. In case (ii)(b) A/y is 
a nontrivial function involving a half-power of the modulus character (cf. [SH (4.5.1)]) so Aq for (G, s, 770) 
takes values in Q{qv ) but replacing 770 with 77 twists the transfer factor by an extra half-power of the 
modulus character. As a result Aq with respect to {G,s,ri) has values in Q. □ 

From here until §6.5l we will restrict our attention to cases (i) and (ii) above. Case (iii) is excluded until 
there only because our understanding of representations of unitary groups is still limited. Nevertheless 
we will treat all three kinds of classical groups on an equal footing at the expense of burdening notation 
(e.g. we distinguish between F and , which is unnecessary in (i) and (ii)) so that the results in this 
article apply to unitary groups as soon as the analogue of [2] for unitary groups is worked out. In fact our 
results already produce some partial results in the case of unitary groups by appealing to the progress 
on twisted endoscopy (base change) for unitary groups in [33], [40], [35] and [68] among others. 

To use results for automorphic representations on quasi-split classical groups as in [5] (symplectic and 
orthogonal) and [41] (unitary), we assume 

Hypothesis 4.8. Suppose that the twisted trace formula for GL„ and twisted even orthogonal groups 
can be stabilized in the sense of [2] Hypo 3.2.1], cf. [41] Hypo 4.2.1]. Also assume the hypotheses as 
explained in [4j 1.18] (on which [^ and [41] are conditional). 

Even though we do not to strive to extract an optimal partial result from the current knowledge, see 
§6.51 for some unconditional results not replying on the above hypothesis in case G is unitary. Now recall 
from i 34.2l that e = unless in case (ii)(b) where e — 1. 

Proposition 4.9. For every (finite and infinite) place v of F'^ , every fy E C^(G(F+)), every A^^- 
transfer <j)y E C^(G(F+)) of fy, and every tempered L-parameter ipy : Wp+ x SL2{C) -> ^G, we have 
an identity 

J2 = 0n„,e(/.), where Hy ^ Tec-\wv)\ ■ \'^^ (4.5) 

7r„erp((^„) 

for a unique finite subset LP{ipy) 0/ Irr*°™P(G(i^j^)) (independent of fy and (py). The subsets LP{ipy) 
give a partition o/Irr*°™P(G(i^j^)) where LP[(py) and LP{ip'y) coincide exactly when rjipy is equivalent to 
r]ipy as L -parameters for G(F^) (and are disjoint otherwise). 

Remark 4.10. Even though this would be clear to the reader, let us clarify the meaning of H„ in the 
proposition when v splits as ww'^ in F, which can only happen in the unitary case (then G{F^) is a 
general linear group). Then Fy = F (>^p+ F+ ~ i^-^, x Ft„c, thereby one may write H^, = Uyj (g) On 
the other hand, rjify : Wp+ x SL2{C) -)■ GL„(C)^°™j='+ determines an L-parameter for GLn{Fy,) 
and an L-parameter for GL„(Fu,c). Then H„ = vec~^(qipy) is defined by H^ = rec~^($u,) and 
H^c — rec~-^($u,) in the usual sense. Actually in this case, H„ = 7r„ (g) tt^ where tt^ is the unique member 
of LP{ify). Similarly if v — ww'^ in F in the setting of Corollarv l4.16l we interpret ^p^{Ily) and | • as 
-S?F„(H^) (g)^i^^,(n™0 and \ ■ \w\ ■ [w^, respectively. 

Remark 4.11. The set LP{(py) is the local L-packet for (py except when G is an even orthogonal group, 
in which case it is a union of one or two L-packets. See the discussion above and below the theorem 1.5.1 
of [3. Our notation LP{ipy) corresponds to his H^. 

Remark 4.12. Arthur also proved that when ify is a non-tempered ^-parameter, the analogue of (j4.5p 
holds true if Ott^, (</)„) are summed with suitable signs. We will not need this for our theorems. 

Proof. This is part of the main local theorem by Arthur (Theorems 1.5.1 and 2.2.1 of [2]) when G is 
symplectic or orthogonal and by Mok (Theorems 2.5.1 and 3.2.1 of flTI) when G is unitary. 

□ 

The above proposition tells us that for each iVy E Irr*°™P(G(L!+)) there is a unique (up to equivalence) 
tempered L-parameter ify such that Hy E LP{ipy). In this case we will write 

r,,(^„) :=rec-\ry^„) 1-^/2, (4.6) 

cf. (gSj). Namely 77* : Irr*''™P(G(F+)) Irr*"°P(G(L'+)) denotes the local functorial lifting given by 77. 
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Proposition 4.13. There exists ttiq G Z>i such that for every finite place v and every tempered L- 
parameter ify, \LP{ipy)\ < vtlq. To he explicit, one can choose vtlq — 2". 

Proof. When G is symplectic or orthogonal, the theorem 2.2.1.(b) of ^ says that there is a bijection 
between LP{ipy) and the set of characters on the group S^^, (denoted in therein). According to [3J 
(1.4.9)] S,p^ is an abehan group whose order divides 2" so the proposition fohows. In the case of unitary 
groups one argues similarly using HH (2.4.14)]. □ 

Now we summarize some results on the global functoriality for classical groups that we will need. (A 
good number of cases also follow from the method of converse theorem and integral representations but 
we do not discuss them here). We will cite only [5] (which treats symplectic/orthogonal groups) in the 
remainder of this subsection without further comments on the unitary group case, believing that the 
reader understands by now that the completely analogous results in the latter case can be found easily 
in [H]. 

Let us introduce some new notation, which is mostly consistent with that of [2] but not always. Write 
^cu(GL„) for the set of quadruples 

= {r,{{n^,U^,I^^)}'^^J^) 

(in which (ni,!!^,^;) are unordered relative to the index i) where 

• re Z>i, rij e Z>i, ly^ G Z>i, X)I=i "j'^j = 

• n,j arc cuspidal automorphic representations of G'i„;(A^), and such that ~ for every i 
and Hi ^ Ilj for ever pair i ^ j. 

Let f °''(GL„) denote the set of isomorphism classes of (twisted) endoscopic data for G x {6) as defined 
in [2l §1.2]. Whether we are in case (i), (ii) or (iii), {G,s,r]) belongs to f'^"(GL„). (In case (iii) our r] 
corresponds to the L-morphism ^^^^ of [41]. His is not used in our paper.) According to a classification 
of self-dual parameters as in [2, §1.2], there is a natural decomposition 

$ell(GL„) = [] ^2{H) 

He£'--"(GL„) 

so that ip belongs to '^2{H) if, loosely speaking, it satisfies the characterizing properties of the parameters 
coming from H. See the paragraph preceding (1.4.7)]. 

Let us explain the construction of local parameters from ^jj E ^cu(GL„). Put Cp+ := Wp+ x SL2{C) 
ii V \ oo and Cp+ := Wp+ if ?;|oo. Define 

: Cp+ X 5i2(C) ^ 

to be the L-parameter for G(F+) given by ©[^]^rec(ni) ® Sym'''^^(C^), where each direct summand is 
the exterior tensor product of rec(ni) on Cp+ and Sym'''~^(C^) on SL2{C). If ■0 S ^'2(G) then it is a 
nontrivial theorem that ip^j (or an isomorphic parameter thereof) factors through only ry : ^ ^G and 
no embedding of other elliptic endoscopic groups. (See the theorem 1.4.2 and the discussion above (1.5.3) 
in [2].) This determines -0^ ■ ^ SL2{C) — > ^G such that ijtpl ~ tpy canonically up to Out(G)-action. 
(The outer automorphism group has order 1 or 2. See [H §1.2] for details.) It turns out that 0„ always 
lands in ^unit(G'(i^^)) in the notation of Arthur, which is designed to accommodate local components of 
discrete automorphic representations of G. The precise definition of '^^^^^{G{F^)) is not needed for our 
purpose so not recalled here. 

Now we turn to the purely local setting and explain some local inputs beyond the tempered objects 
to be used in this paper. Arthur associates to each ipy € "^tniti^i-^v^)) (which may not come from a 
global parameter ip) a finite set 11^^ consisting of finite length G(i^+ )-representations by extending the 
definition of tempered L-packets, i.e. 11^^ is the tempered L-packet (cf. paragraph above Proposition 
I4.13P if ipv is a tempered L-parameter. Although 11^^ is designed to play the role of local A-packets, it 
should be noted that members of 11^^ may be reducible or non- unitary. Let us define AP{ipy) to be the 
set consisting of irreducible subquotients of the members of 11^^ . 

Proposition 4.14. Consider cases (i), (ii), or (iii) of Suppose that it is a discrete automor- 

phic representation of G{Ap+) unramified outside a finite set S. Then there exists a unique ip = 
(r,{(nj,n,,z/j)}[^J e *2(G) such that 

(i) TTy e APltjjy) at every place v of , 
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(ii) If TTy is tempered and all Vi are trivial then rj^^iii^) — \ ■ ^/"^ at each place v of , 

(Hi) at every finite place v ^ S , TTy is isomorphic to the unramified member of AP(^py), which is 
unique (relative to the fixed hyperspecial subgroup U^^). 

Remark 4.15. In case some Vi is nontrivial so that we are in the nontempered case, one knows from [2] 
only an equality of infinitesimal characters (i.e. supercuspidal support when w is a finite place) in (ii). 
If we knew the Ramanujan conjecture for general linear groups, it would be enough assume in (ii) only 
that Vi are trivial. 

Proof. The first assertion is implied by [2j Th 1.5.2]. In (ii) ?/*(7r.[,) is characterized by Proposition 14.91 
so the assertion follows from (2.2.3) of [2]. 

The last assertion is deduced from the theorem 1.5.1 of ^2^, which implies that AP{%l]y) possesses at 
most one unramified representation. (One can identify tt^, a little more explicitly. When tt^, is unramified, 
il^v is also unramified (i.e. all 11^ are unramified at v). Then APi^tpy) contains a local L-packet for the 
unramified L-parameter given by '0, cf. [2j Prop 7.4.1], so iTy is the one corresponding to the latter 
i-parameter via the unramified Langlands correspondence.) 

□ 

Corollary 4.16. In the setting of Proposition \4. 14\ let ip = (r, {(n^, 11^, I'i)}^^]^) be the associated data to 
IT and suppose that tt is ^-cohomological. Then there exists s(^) G Z>o depending only on G and ^ such 
that 

• for every finite place v, ^f^, (IIi.t,| • | i )| ■ |« '^^^^^ is pure of weight s{£,)+n—l — e and integral. 
If moreover the highest weight of ^ is regular then 

• TTy are tempered at all places v, 

• tuPtj^ are pure WD representations of weight — e for all finite places v, 

• rjip^^ are unramified and strictly pure of weight — e if v ^ S. 

Proof. Let us begin by proving the first assertion. Proposition 14. 14l (i) at infinite places implies, by the 
comparison of infinitesimal characters, that rjip^lw— is isomorphic to the direct sum over all infinite 
places w of F of the L-paramcter for 11^^^ restricted to Wj^. (Of course Fw ~ C for w|oo.) Since tt 
is ^-cohomological thus regular and C-algebraic, Lemma 14.51 implies that rjipw is a regular C-algebraic 
parameter. From this it follows that 11,^ ,^,1 • | ? at uijoo are regular and C-algebraic. One deduces 
from Proposition 14. 1 1 that there exists s{Ili^oo) G ^>o depending only on the infinite component Ili^oo of 
Hi such that {^i,v \ ■ I ^ )| ■ \y ^^'^' "-'^^ is pure of weight s(ni^oo) + n — 1 — e and integral for each 
I < i < r for every finite place y of F. Clearly there are only finitely many Wp — subrepresentation of 
Vpwlw—j so the number of all possible infinitesimal characters for IIi^^, 11^,^, is finite at each wjcxD. 
Since there are only finitely many irreducible representations of GL„i(M) or G'Lm(M) with fixed m e Z>i 
and fixed infinitesimal character, there are only finitely many possibilities for n^^oo- The proof of the first 
assertion is complete as soon as s(^) is taken to be the maximum of s{Ili^oo) over all possible {Tli^oo}i<i<r- 
Now suppose that the highest weight of ^ is regular. According to a standard result on Lie algebra 
cohomology, iTy at w|oo must be discrete series to be ^-cohomological. Considering infinitesimal characters 
for ipy at v\oo, we see that Vi = 1 for all 1 < i < r. Since 11^1 • | i is of type (TR) or (CM) for each 
i, Proposition 14.11 tells us that Wi^y are essentially tempered at all finite places v. Since Ili^^ is already 
known to be unitary, 11^^^ is tempered. Hence V'f is tempered and AP{rpy) is nothing but the tempered 
I/-packet LP{ipy\c^^) at each ?;|oo, cf. Proposition 14.91 In particular 7r„ G AP{^py) is tempered. Since 

Vfn„ = ®I=irec(n,,„)| • |<^/2 = ®[^iifp+(n,,„| • |^^^)| • v\oo, 
Proposition 14.11 and Remark 14.21 allow us to verify the properties of rjip-,^^ in the corollary. 

□ 

5. FiNITENESS RESULTS 

The first two subsections prove local finiteness results for unramified and arbitrary representations. 
After stating a global finiteness conjecture f Conjecture 15. 101 below*) for C-algebraic representations with 
bounded coefficient fields in a fairly general setting, we establish the conjecture for general linear groups 
and quasi-split classical groups. 
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5.1. Finiteness for unramified representations. Put ourselves in the setting of HA.'2[ 

Lemma 5.1. Fix s G Z>o, A G Z>i, and a finite place v of . There are only finitely many iTy e 
Irr"(G(^;+)) such that 

• ^p+{rif'Ky)\ ■ \y is strictly pure of weight n — 1 + s — e and integral and 

• mn^) : Q] < A. 

Proof. Since the map : Irr"''(G(F+)) Irr"''(G(F+)) has finite fibers (Lemma \T23^ it suffices to 
prove the finiteness of the set of Xly G Irr"''(GL„(_F\,)) such that .ifp+(n„)| -{v^^^ is strictly pure of weight 
n — 1 + s and integral with [Q(n,j) : Q] < A. A first observation is that any Hy = ry^TTt, for 7r„ as in the 
lemma lands in the set just defined, where the inequality follows from Lemma l2.25l (iiV Next consider 
the bijection =5^ : Irr"'^(GL„(Fi,)) — )■ {C^)"/Sn coming from the Satake isomorphism for GL„. Then each 

-(„-l + .-e) 

complex number appearing in ^(n„| ■ \v ^ ) must be a root of an (irreducible) monic polynomial 

a;" + a„i_ia;""i H h oq with 

1 < m < A, Cm-i, flQ S 2 (5-1) 
by integrality and the bound on [Q(n^) : Q]. The condition on purity and weight ("Weil bounds") implies 
that |A|t, < ^ for all roots A G C of the above polynomial, imposing a constraint 

m 



]qy " , V0<i<m-1. (5.2) 
As there are only finitely many polynomials satisfying (|5.ip and (j5.2p . we are done. □ 



5.2. Rationality of endoscopic transfer. Keep the notation of the previous subsection. We start by 
studying the behavior of the functorial lifting relative to automorphisms of C. 

Proposition 5.2. Let 7r,„ G Irr'™'P(G(i^+)). Then 

V*K) = iv*T^vr , VaGAut(C). (5.3) 
// moreover Q(7r^) is finite over Q then 
(i) Q(?7*7rt,) is also finite over Q. 

(ii) 'Q)(7ri,) contains Q{r]^T:v) o-nd is contained in a finite extension o/Q(??*7r^,) of degree at most mc!. 
In particular [Q(r/,7r„) : Q] < [Q(7r^,) : Q] < mc! 



Remark 5.3. Only the left inequality in (ii) will be needed in our main results. The proposition extends 
Lemma l2. 251 from unramified (possibly non-tempered) representations to tempered representations in the 
case of classical groups. 

Proof. Put n„ :— rj^TTy. Since (i) is an immediate consequence of (ii), it suffices to verify (ii). 

When TTy is tempered, we would like to verify dO]). For any /„ G C^(G{F+)) let 0^, G C^{G{F+)) 
be its A^'^-transfer. For every a G Aut(C) we obtain from Proposition 14.71 and (|4.3p that 

STOf^^^^^f:) ^ J2 Ar(7,^)07^'''^(C)- 
Hence 0^ is a KLS-transfer of fy. On the other hand, twisting (|4.5p by a leads to an identity 

,,.(p„)=n„ 

Plugging in fy and (l>y in place of fy and (py (noting that fy is a AWh_transfer of C ) 

we derive 

,,.(p„)=n„ 

Comparing with 6nj,e(/u) = X)j),(p„)=n<' '^p^i't'v), cf. (|4.5p . we obtain an equality of stable characters 
(evaluated on elements of G^(G(F+))) 

,,.(p„)=n„ ,,.(pj=n; 

since A^^-transfers of G^(G(F+)) generate the space of stable distributions on G(F+). (In the language 
of Remark 1 below Theorem 2.2.1 of [2], the map / Z*^ is onto.) Then ()5.6p holds true also as the 
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equality of finite cfiaracter sums. Since appears as a summand on the left hand side, it should also 
on the other side by linear independence of characters. We have established (15. 3p . 

Formula (|5.3p readily implies that if cr G Aut(C/Q(7r„)) then 11^ — ?7*(7r^) = 11^,71^ = Ily. Therefore 
Q(n„) C Q{tTv) and in particular (Q(n^) is finite over Q. 

Now if o- e Aut(C/Q(n„)) then 77h.«) = = n„. One deduces from ([SH) that 7r^,< e V*^{^v)- 
Thereby one obtains a group homomorphism 

T : Aut(C/Q(n„)) ^ Perm(ry7i(n,)), T(a) : ^„ >^ < 

where Perm(-) denotes the permutation group. Since If/^^lIIi,)! < ma by Proposition 14.131 the kernel 
of T has index < mcl in Aut(C/Q(ni,)). Then the fixed field of kerT is a finite extension of Q(ni,) of 
degree < mc! and contains Q{ttv). The proof of (ii) is finished. □ 

Remark 5.4. Alternatively ()5.3p may be proved using a global argument (explained to us by Wee Teck 
Gan): Reduce to the case where tTv is a discrete series. When ttv is discrete, globalize 7r„ to a tt. Consider 
?7*(7r) and ?7*(7r'^) (assumed isobaric). By comparing ?/*(7r)°' and ?7*(7r'^) at almost all unramified places, 
one deduces from strong multiplicity one that ?7*(7r„)'^ = ''l*{'^v) the place v of interest. (Use Clozel's 
result that the Langlands quotient is compatible with a.) 

5.3. Sparsity of arithmetic points in the unitary dual. 

Proposition 5.5. Fix A> 1, a finite place v of , an open compact subgroup Ky C G{F^) and an 
irreducible algebraic Goo-fepi"esentation S. The set oflly G Irr(G(f+)) satisfying (i) and (ii) below is 
finite: 

(i) lit, appears as the v-component of some 'E.-cohomological isobaric representation II = fflf^j^IIi of 
G(A^+) such that Hi are cuspidal and 11^ ~ 11^ (g) (detoxi) for x '■ F^\h/^ — > such that 
Xw(— 1) is the same for every v £ Soo, 
(tt) [Q(n„) : Q] < A. 

Remark 5.6. Since C-algebraicity is incompatible with ffl (which is locally the Langlands quotient for the 
normalized induction), II being C-algebraic implies not 11^ but n^j • \ is C-algebraic in condition (i). 

Proof. By (ii) and Corollary 3.13 the depth (or conductor) oiHy is bounded, so the set of n„ is contained 
in finitely many Bernstein components. We may show that the set of n„ satisfying (i) and (ii) is finite in 
each Bernstein component B. Suppose 11° e 6 satisfies (i) and (ii). Write .ifp+ (sc(n°)) = ©^L^l^ where 
Vi are irreducible WD representations. For any other 11^, £ B, 

ifp+(sc(nt,)) = e^iV", (g) unr(A,) 

where unr(Ai) : GLi(F+) is the unramified character mapping every uniformizer of F+ to G . 

Since Q(©tiV,) C Qin°) (cf. dSJ)), we have [Q(®ti^*) : Q] < A Put E := Q(Fi)Q(F2) • • • Q(T4). 
Since Gal(Q/Q(©*Lj Vi)) acts on {Vi, 14} (a multi-set) as permutations, 

[£; : Q] < klA < nlA. 

Consider the action of Ga\{Q/E) on the unordered set {Vig)unr(Ai)}^^]^. Clearly there exists an extension 
E' / E of degree < fc! such that Gal(Q/i?') fixes the isomorphism class of (g)unr(Aj) for every i. Observe 
that every A € such that Vi (g unr(A) ~ Vi satisfies A" = 1. (For this consider the equality of the 
determinants.) Setting E" :— E{^n), we conclude that Gal(Q/£^") fixes Ai for every i. In particular 

[Q(AO : Q] < kln\(p{n)A, VI < i < fc. (5.7) 

By (i) and Proposition l4.1l there exists s > (depending on S) such that for every Ily £ B satisfying (i) 
and (ii), ^j^+(sc(n„))| • j^'^/^ is pure of weight s + (n — 1) and integral. (To deduce this, apply Proposition 

l4.1l to each Hi] ■ \ ~'^~ , cf. Remark l5.6l ) As Lemma l3^ applies to the present situation with all Si in the 
lemma equal to 1, we see that both K:| • I"** and • g) unr(Ai) are strictly pure of weight in s + (n — 1) 

s I (n ll 

and integral. We claim that Ai is a Weil g.u-number of weight such that qv Xi is integral. Indeed, 

for any any eigenvalue w of a lift of geometric Frobenius on Vi , we know from the above that qv ^ /w 
and LoXi are integral. In view of the integrality of g*^*"" ^•'A.^ and (j5.7p . an argument as in Lemma 15.11 
shows that there are only finitely many Ai with these properties. Therefore the set of Hy as above is 
finite. 

□ 
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Let G be as in (i), (ii) or (iii) of gTH Recall that Arthur and Mok associate to 7r„ g Irr*""P(G(i^+)) a 
tempered L-parameter ip.^^^ : Wp+ x 5i2(C) — > ^G. In a standard manner this extends to the construction 
of all L-packets via Langlands quotients. Now we are about to state a result providing a crucial input 
for the main results of ^ 36. II 

Corollary 5.7. Fix A>1 and an irreducible algebraic I{,esp+ /qG-representation ^. Suppose that ^ has 
regular highest weight. Then the set o/ 7r„ G lrr^°™^{G{F^)) satisfying the two properties below is finite. 

(i) TTy appears as the v-component oj some ^-cohomological discrete automorphic representation tt 
o/G(Af+), 

(ii) [Q(7r^) : Q] < A. 

Remark 5.8. In particular the set of such tt^ is measurable with respect to the Plancherel measure on 
G{F^)^. We caution the reader that its measure may not be zero. Indeed it has positive Plancherel 
measure precisely when it contains discrete series. 

Remark 5.9. The regularity assumption on ^ should be unnecessary for the corollary to be true. We 
imposed it for simplicity and also for the reason that the same hypothesis will be in place for applications 
in Section [6l 

Proof. Let G{£,,A) be the set of tt^ as above. We need to show |C(^, A)| < oo. Since ry, is a finite-to-one 
map, we will be done if 77* is shown to map C(^, A) into the union of the sets of Proposition 15 . 51 for some 
S, where S depends only on ^. 

Each TT^ S C(^, A) is the w-component of some tt as in the corollary. Let ip — {r, {{ni,Ili, i/i)}^^^ be 
the data associated with tt and put 

n ffl[^i ((n, ® I • 1^) ffl (n, $5 1 • 1^) ffl • • • ffl (n, (8 I • |^)) ® | • i^/^. 

The infinitesimal character of ir^j at each infinite place v of F^ is the same as that of where ^ = 'Siv\ooS.v 
is a tensor product of irreducible representations with regular highest weights. Remark 14.151 tells us that 
this infinitesimal character transfers via 77 to that of n„. The regularity on the former implies via the 
explicit description of 77 that the infinitesimal character of n„ is the same as that of (the tensor product 
of two) irreducible algebraic representations of G of regular highest weight. In particular Vi must be all 
trivial in ip. 

So n = fflLin^l • and n„ = rj^iny) by (ii) of Proposition HH cf. Remark HH Thanks to 
Proposition 15 . 2 1 we know [Q(n„) : Q] < A, which is (ii) of Proposition [531 It remains to verify (i) of that 
proposition. This is clear except possibly the property that II is cohomological (for some S), which we 
now explain. Since tt^o is ^-cohomological it is regular C-algebraic. This implies that Hoc = ?7*(7roo) is also 
regular C-algebraic (for GL„) by Lemma 23] (and the sentence right below Definition l2.2ip . Now Lemma 
12.121 tells us that IIoo is S-cohomological for some S. Moreover S is determined by the infinitesimal 
character of Hoc hence also by that of tToo, or just by ^. We are done. 

□ 

5.4. A finiteness conjecture. We think this is a good place to state an interesting finiteness conjecture 
on automorphic representations in the spirit of the Shafarevich conjecture fTheorem ll.2l) . Earlier Fontaine 
and Mazur proposed the analogue of the Shafarevich conjecture for /-adic Galois representations ( \2T\ 
I. §3]). While their conjecture is still mostly open in dimension > 1 to our knowledge, we are able to verify 
our conjecture in many cases including G = GL„. This opens up the possibility for an automorphic proof 
of Fontaine-Mazur's finiteness conjecture via the Langlands correspondence. At the moment we are unable 
to get many cases of their conjecture since the correspondence is established in only limited cases. We 
wish to return to this problem in the future. 

In the conjecture G is allowed to be an arbitrary connected reductive group over any number field F. 
Let S'ram be the finite set of finite places v such that G Xp F^ is ramified (i.e. either non-quasi-split over 
Fy or non-split over any finite unramified extension of Fy.) Recall that hyperspecial subgroups outside 
•S'ram are fixed as in ^1.71 once and for all, and unramified representations are considered with respect to 
this data. Denote by Z{q) the center of the universal enveloping algebra of Lie G{F (E)q C). 

Conjecture 5.10. Fix A G Z>i, S a finite set of places of F containing S'ram cind all infinite places, and 
a C-algehra character Xoo ■ Z{q) C. Then the set of discrete automorphic representations tt of G{Af) 
with the following properties is finite: 

• TT^ is unramified, 

• TToo has infinitesimal character Xoc, o,nd 
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• [Q(7r) : Q] < ^. 

Remark 5.11. To state a more modest conjecture, one may replace the condition [Q{tt) Q] < A hy the 
condition that Q(7r) is contained in a fixed finite extension of Q in C. 

Remark 5.12. Since there are up to isomorphism only finitely many tToo with a fixed infinitesimal character 
Xoo, one may replace the above condition on the infinitesimal character by the condition that tToo is 
isomorphic to a fixed irreducible G{F (g)R C)-representation ttJ^. 

Remark 5.13. The tt as in the conjecture should be C-algebraic according to the "if" part of Conjecture 
12. 8[ which may well belong to the realm of transcendental number theory and would be difficult to 
check. Fortunately we can still verify the conjecture in many cases without a priori knowledge that tt is 
C-algebraic. cf. i i5. 51 below. 

Remark 5.14. It should be stressed that no bound on ramification is imposed at places in S. (Otherwise 
the conjecture would be uninteresting.) Such a bound is only a consequence of the condition that 
Q(7r) C E, at least in the setting of ^5.5l below. The conjecture is certainly false if the condition Q(7r) C E 
is omitted, as it is often well known that there are infinitely many discrete automorphic representations 
if arbitrary ramification is allowed at one place, cf. |55| . 

Remark 5.15. On the Galois side (as opposed to the automorphic side) the analogues of the Fontaine- 
Mazur finiteness conjecture for complex and mod I Galois representations have been proposed and inves- 
tigated by [T] and [32]. The result of Anderson-Blasius-Coleman-Zettler T^ is as follows: Given a number 
field K , there are finitely many complex representations of the Weil group Wk of bounded degree and 
bounded Artin conductor (their proof uses Jordan theorem that finite subgroups of GL(d, C) are virtually 
abelian). Their result confirms some very special cases of the Fontaine-Mazur finiteness conjecture. 

5.5. Results on the finiteness conjecture. The aim of this section is to prove Conjecture 15.101 in 
some important cases. Namely the conjecture will be established first in the case of general linear groups 
taking Lemma 13.31 and Harish-Chandra's finiteness theorem fProposition 15.161 below) as crucial inputs, 
and next in the case of classical groups via functorial transfer to general linear groups. 

Proposition 5.16. For any C-algebra character Xoa ■ — > C and for any open compact subgroup U 
o/G(A^), the set of isomorphism classes of discrete automorphic representations tt of G{Ap) satisfying 
the following is finite. 

• 7r°° has a nonzero U -fixed vector and 

• TToo has infinitesimal character Xoo ■ 

Remark 5.17. We are using a weaker version of Harish-Chandra's theorem in that our attention is re- 
stricted to the discrete automorphic spectrum. 

Proof. The proposition results immediately from Harish-Chandra's theorem 1 in [26) . (The proof in loc. 
cit. for semisimple groups is extended to the case of reductive groups as explained in [Tj Th 7.4].) □ 

Theorem 5.18. Conjecture \5.10\ is true in the case of G = GL^ for any n G Z>i and any ground field 
F. 

Proof. Suppose that tt satisfies the condition of Conjecture 15.101 Corollary 13.121 tells us that Hy has 
bounded conductor (depending only on A, Fy and n) at every v £ S. Therefore the cardinality of such 
TT is finite by Proposition l5.16l □ 

Theorem 5.19. Conjecture \5.10\ is true for quasi-split classical groups as in (i), (ii) and (Hi) of (if 
Hypothesis \4.8\ is assumed). 

Proof. Write C{G,S,Xoo,A) for the set of Conjecture 15.101 (but we adopt the notation of 312] in this 
proof, so plays the role of F in the conjecture). Consider the association 

C{G,S,Xoo,A) ^ $2(G) 

as in Proposition 14.141 Since tt is unramified outside S, the associated H, enjoys the same property 
for every i. Since r] is C-preserving by inspection, Lemma 12.251 Proposition 14. 14l (iii) . and the strong 
multiplicity one theorem imply that Aut(C/Q(7r)) permutes the set {Hi, H,.}. Hence there exists some 
E D Q{tt) with [E : Q(7r)] < r! such that Aut(C/i;) fixes aU Hi, H^. Note that [i; : Q] < r![Q(7r) : 
Q] < nlA. 
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Let us make some observation about infinitesimal characters. It is standard that Xoo corresponds 
to a cohection of complex L-parameters (fxa^.w ■ ~^ G where w runs over the infinite places of F. 
For each infinite place v of it follows from tt^ G AP{ipy) that "iAulvF is isomorphic to ^y^-w up 

to Out(G')-action when v\w. Let X„ be the set of all infinitesimal characters of GL^iF (g)p+ F+) with 
1 < m < n corresponding to a W^-subrepresentation of 77-0i,|vi/— at each w|(X). Clearly X := O-uioo 

is a finite set. Proposition I4.14[ cf. the proof of Corollary 14.161 tells us that the infinitesimal character 
of Ui^y belongs to Xy. 

Let D{GL<:n, S, X,nlA) be the set of cuspidal automorphic representations H of GL„i{Ap) with 1 < 
m < n which are unramified outside S, have the infinitesimal character of Hoc in X, and satisfy [Q(n) : 
Q] < nlA. According to Theorem I5.18[ D{GL<n, S, X,nlA) is a finite set. We have seen that for any 
{r,{{ni,Ili,iyi)}l^^ G $2(G) coming from vr G C{G, S, Xoo, A), every Ui belongs to D{GL<n, S, X,nlA). 
Hence the image of C{G, S,Xoo, A) in ^'2(G') is finite. The the proof boils down to showing that each 
fiber of the arrow C{G, S,Xoo, A) 4*2 (G) is finite. This is a consequence of Proposition l4T4l fin) : If 
TT is in the preimage of then 7r„ at every finite place v ^ S is determined to the unique unramified 
member of AP{ipy). For each v £ S or v\oo, 7r„ must lie in the finite set AP{^j;y). 

□ 

6. Growth of fields of rationality in automorphic families 

Let G be a quasi-split classical group as in (i), (ii)' or (iii) of ij4.2l from here up to ^6.41 In particular 
F+ denotes the base field of G. Note that this is different from the convention of [57], which will be 
frequently cited in this section, where F is the base field. (We restrict from (ii) to (ii)' since we need 
results from established under the assumption that G has discrete series at the real places of F^.) In 
we concisely explain how the earlier part of this section can be adapted to obtain an unconditional 
result for (non-quasi-split) unitary groups. Throughout this section it is assumed that G is nontrivial so 
that the absolute rank of G is at least one. 

6.1. Growth of fields of rationality in level aspect. We start by recalling the level-aspect families 
T^{Ux) of automorphic representations of G{Ap+) of weight and level subgroups Ux as in [571 §9-3] or 

Let Ux be a sequence of level n^r-subgroups of G(A^+). Here is a sequence of integral ideals of Op+ 
such that N(n2:) := [Op+ : xix] — > oo. When G is a split group over F, the sequence Ux is defined as 

Ux = kcr(G(Oj.+ ) ^ G{Op^/nx)) 

using the Chevalley group scheme for G over Z. In general we refer to [57l §8] for the precise definition 
via Moy-Prasad filtrations. We have a product decomposition Ux ~ Ilutoo ^x,v such that each Ux,v is a 
compact open subgroup of G(F+). Set U^ := riwtoo.uj^t; 

A variant of the level sequence would be a tower of bounded depth in the sense of [14] , which corre- 
sponds to Ux+i C Ux or Wx I vix+i. But here we prefer to work more generally with the condition that 
N(na;) —i' oo. 

Let ^ be an irreducible algebraic representation of Resj^+ /qG over C, which can be viewed as a 
representation of n„|oo G Xp+ where v runs over infinite places of F+ (see H2.2^ . In this section we 
assume, except for Corollary 16.81 that the highest weight for every representation of G x ^+ F^ induced 
by ^ is regular. The regularity assumption is made mainly because the equidistribution theorems as in 
[55) and [57] rely on it. (This is why we also made the assumption earlier for simplicity, cf. Remark l5.9p . 

Let 5*0 be a (possibly empty) finite set of places disjoint from xix for all x. Let fsg be a well-behaved 
function on the unitary dual of G{Fg^) in the sense of [48j §7] and j57, §9.1]. (Such functions are very 
useful in prescribing interesting local conditions. Namely we can impose that belongs to a bounded 
measurable subset of G{Fg^)^ whose boundary has zero Plancherel measure and whose image in the 
Bernstein variety (6(G) in 03 pp. 164-165]) has compact closure. In fact there is essentially no loss of 
generality in assuming that fso is a characteristic function of such a subset.) Henceforth we will assume 
that Ji^gifso) > and that fsg takes nonnegative real values on the unitary dual. 

Let :— J^{Ux, fsai be the set (or family) of discrete automorphic representations tt of G{Ap+) 
such that 

• T^So belongs to the support of fso, i-e. /so(7^So) ^ 0> 

• Tr°° has a nonzero Ux-fixed vector and 
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• TToo is ^-cohomological fDefinition l2.1ip . 
To be precise this is a multi-set with a density function ajr^(7r) as in [44], [55l §3.3] and [57l §9.2]. In 
the present case we have for aU n G J-x, 

a^M :=™discW/5o(TSo)dim((7r^^--)^'°) (6.1) 

where m^isc{T^) is the multiphcity of tt in the discrete automorphic spectrum. The exact nature of the 
formula for ajr^ (tt) does not play an explicit role in what follows but is needed in |57| , which we are going 
to cite from there. Note that it is non-negative and if fsa is a characteristic function, it takes integral 
values. The cardinality of a subset of the multi-set J-^ is considered in the obvious sense. For instance 
\J^x\ is defined to be the number of tt's in Tx counted with multiplicities ajr^iir). 

Theorem 6.1. Let v ^ Sq be a fixed place of such that either 

(i) Ux,v is maximal hyperspecial for all but finitely many x, or 
(ii) ord„(n;r) — ^ oo as x ^ oo, 
Then |{7r € Tx ■ [QiT^v) ■ Q] < tends to as x ^ oo. 

Remark 6.2. We recall that the case G — GL(2)q under assumption (i) is due to Serre [53], see Theo- 
rem 11.11 

Proof. We have seen in Corollary 14.161 that tt^ is tempered for all it ^ Fx. We are in position to apply 
Corollary [53 which implies that the set Z"'' (resp. Z) of all 7r„ e G(F+)^'">' (resp. 7r„ G G{F+)'') for 
TT € Fx with [Q(7ri,) : Q] < A is finite. For part (i), concerning Z"'', we could use alternatively the easier 
fact that there are only finitely many associated Weil numbers fLemma lS.ip . Since Z™ and Z are finite, 
they are certainly a /iP'-regular relatively compact subset of G{F^)^ . 

We will follow the notation of and all measures are chosen as in that paper. We have 

Ktt e Fx ■■ [QK) : Q] < A}\ - |{7r G : tt, e Z-}| 

_r'(G)dim^. (6.2) 



vol([/^) 

where t'{G) is the volume of G{F~^)\G{Ap+)/Aa.oo, and flxiZ^^) is the automorphic counting measure 
for Fx. (See §6.6 and (9.5) with Sq = {v} and 5*1 = in [ST].) The same as holds true for a; > 1 
with Z in place of Z^'^ . (We want x ^ 1 so that every member of Z has level at most at u.) A 
key ingredient for both (i) and (ii) is the automorphic Plancherel equidistribution theorem [57l Cor 9.22] 
(also see [55] Thm 4.4]), stating that lim2,_j.oo ^x{Z™) = fl^^{Z™) and the same for Z in place of Z™ . 

(i) According to [571 Cor 9.25], lim^c-^oo voUjj^)\r^\ ~ Hence the limit in the theorem is nothing but 
/IP'(Z"''), which is zero. (Note that Z"'' is a finite subset of the unramified unitary dual which is a torus 
of positive dimension and the restriction of the Plancherel measure is absolutely continuous with respect 
to the Lebesgue measure.) 

(ii) By [551 Prop 5.2] and its extension to the setting of 57 by the same argument, we have 

lim = 1. (6.3) 

YO\{Ux)\Fx\ ^ ' 

(The corollary 9.25 of [5^ cannot be applied as it assumes that Uj, is prime to v. Note that (16. 3p is 
consistent with the formula in the proof of (i), in which case mo\{Ux^v) = 1-) Therefore 

^™ ^ ^u}jv\^\ ^^^^) = 1™ YO\{Ux,v)'[ix{Z) = 
x^oo vo1(l/^)|J^2:| x^oo 

since we have that vo\{Ux,v) — >■ from that ord„(n:r) — > oo. (Note that fix{Z) tends to /iP'(Z), which 
may not be zero due to discrete series in Z but has bounded value.) The proof is concluded. □ 

Remark 6.3. It would be interesting to improve on the condition that Ux,v be maximal hyperspecial. 
This is a question of Serre [531 §6-1] in the GL(2) case. The main obstruction is the presence of square- 
integrable representations tt^, € Z with tt G Fx. The proof doesn't extend to these representations because 
AiP'(^.) > 0. 

For convenience we introduce the multi-set 

Ff^ {tt e : [Q(7r) : Q] < A}. 

It is to be understood that if tt g F^^ then tt appears with the same multiplicity ajr^(7r) in F^^. This 
way we make sense of jJ^^"^]. 
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Corollary 6.4. Under the same assumptions, | tends to as x ^ oo. 

Proof. Obviously [Q(7r„) : Q] < [Q(7r) : Q]. □ 

6.2. Quantitative estimates. One may wonder about the precise size of J-^^ relative to that of 
For instance, the following generalizes another Serre's question for families of modular forms (Remarques 
2 below Theoreme 6 of jSS]). 

Question 6.5. Does there exist S <1 such that = 0(|J^r|'^)? 

As a weaker variant (cf. Remark I5.11|) , for a fixed finite extension _E of Q in C one may ask whether 
there exist ^ < 1 such that |{7r £ Tx '■ Q(7r) C E\\ — 0(|J^r|'^). We establish the following estimate 
towards a positive answer to Question 16.51 Define .Sunr to be the set of finite places v of F+ such that 
\Jx,v is hyperspecial at v for all large enough fc. Let i?unr be the sum of the i^+-ranks of G{F^) for all 
V e 5'unr (it could bc infinity). 

Theorem 6.6. Suppose that Sum is not empty (hut it could he an infinite set). Then, as x ^ oo, 
for all R < Rum ■ 

Example 6.7. In a typical example if is a principal congruence subgroup of prime level then the 
set S'unr contains all finite places and i?unr is infinite: the statement holds for all i? > which is an 
indication for an affirmative answer to Question 16.51 in this case. If i?unr > 1 is finite then it is best to 
choose R = Rum- Note that the possibility -Rum- = is excluded from the proposition because S'unr is 
not empty; this is the case discussed in Remark 16.31 



Proof. We fix a finite set of unramified places Si C S'unr disjoint from Sq. Let 7?. be a rectangle in 
G(Fs;)^'""^*™'P. Lemma Eli yields the existence of c/ys, G -H"'" (G(F+ ))^^'' which is such that 
approximates the characteristic function of TZ. (The definition of 'H""''(G'(F^^ ))-'^'' is recalled in ^16.41 
below. The constant c > depends on a choice fixed once and for all for G.) 

Applying the automorphic Plancherel theorem with error bound \57\ Thm 9.16] to the family J-^, we 
deduce that for all integer k > 1, 

/^^.,sr(7^) = Mg;(7^) + o(4'+^'1J-.r^0 + o{n-^). 

where Ai,Bi,Ci > are absolute constants and i? > is the sum of the ranks of G'(F+) for v G Si. Note 
that by choosing Si C Sunr arbitrary large, the integer R is arbitrary large subject to the condition that 

R < -Runr- 

The optimal choice is k = 0(log \ J-x\), which yields 

^2^,^5r(7^) = /I|;(7^) + o((log|J■,|)-«). (6.5) 

Note that the constant in the remainder term does not depend on TZ. In particular TZ can be chosen to 
be a single element in which case /i^^ (TZ) — since the Plancherel measure is atomless. We deduce that 
the following estimate holds for any finite set Z in Q(^p+^"j^,u'^r,tomp ^ 

^^-"^^^^<<(b?$lF- 

We apply this to the set 

Z {its, : ireTx, [Q(^) : Q] < A}, 
since it follows as before from Corollary 15.71 (or alternatively from Lemma 15.11 and the first assertion of 
Corollarv l4.16p that Z is a finite set. Thus we can conclude the proof of the proposition since 

\{7r e Tx : [Qin) : Q] < A}\ « | J-,|/i^^,Sr (2). 

□ 

We now consider the case where the automorphic family admits ramification at only finitely many fixed 
places S. Theorem 16.61 applies for any R> since i?unr is infinite, but we can prove a stronger bound. 
Indeed Theorem 15.181 may be rephrased as a strong answer to Question 16.51 For this it is unnecessary 
to assume that the highest weight of ^ is regular (thus tToo may not be a discrete series) . In fact we will 
prescribe a condition at infinity which is weaker than the ^-cohomological condition. For a C-algebra 
morphism Z{g) C (cf. §5.5|) and an open compact subgroup Ux C G'(A^+), define J-{Ux,Xco) to be the 
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set of discrete automorphic representations tt of G{Ap+) such that (for the corollary it is unimportant to 
think of T{Ux, Xoo) as a multi-set, i.e. the multiplicity of each member may be taken to be one) 

• (7r°°)'^- =^ 0, 

• TTfx) has infinitesimal character Xoo- 

Corollary 6.8. Fix A E Z>i. Let G be either 

• G ~ GLn over an arbitrary number field F or 

u G is a quasi-split classical group of (|4.2p over a totally real field 

Suppose that there exists a finite set S such that for every x, the level subgroup Ux has the form Ux = 
Us,xU^-°°, where C/^'°° is a product of hyperspecial subgroups of G{Fy) for all finite v ^ S. Then there 
is a constant C — C{A, G, Xoo, S) such that for all x 

\{7r e T{Ux, Xoo) : [QW : Q] < A}\ < C. 

Proof. Immediate from Theorems 15.181 and 15.191 □ 

For instance when G = GL2 over Q, the theorem applies to C-algebraic automorphic representations 
arising from Maass forms, namely those with Laplace eigenvalue 1/4. It is worth comparing our results 
in this subsection with previous work in the case of elliptic curves: 

Remark 6.9. We briefly discuss the most basic case of G = GL(2)q, weight 2 and Q(7r) = Q (that is 
A = 1). See also the remarks following ^53, Theoreme 7]. Modular forms of weight two with integer 
coefficients are attached to elliptic curves and thus more precise results than (16.41) are available. 

For an integer N E Z>i, let Ell{N) be the number of isogeny classes of elliptic curves over Q of 
conductor TV. The following is currently known [16, §3.1]: 

< Ell{N) 

1<A'<X 

On the other hand, by counting S'-integral points on curves of given genus, it is shown by Helfgott- 
Venkatesh §4.2] that Ell{N) = 0{N^) for some ^ < i, improving earlier bounds by Evertse, Silverman 
and Brumer. The numerical value is improved further in |18| into 5 = 0.169 . . .. 

6.3. Order of growth. It follows from Theorem 16.11 that there are automorphic representations tt^. E Fx 
such that [Q(7rj.) : Q] — > 00 as 2; — > 00. It is interesting to study the order of growth of [^{nx) ■ Q] as 
a; — > 00. We establish the following which generalizes a result of Royer [551 Thm 1.1] in the case of 
G — GL(2)q. By the degree of a Weil number a (or any algebraic number) we will mean [Q{a) : Q]. 

Proposition 6.10. Let assumptions be as in (i) in Theorem \ 6.1l Then as x ^ 00 there exists an 
automorphic representation tTx G Fx such that 



» (loglogN(n,))^. (6.6) 



Proof. Consider the set of local representations tt^, E G{F^)^-'™^ as tt^ ranges over Fx- We see from (|6.5p 
that there are ^ logN(n2;) distinct such representations 7r„. On the other hand the number of q„-Weil 

integers of weight 1 and degree < d is at most g?^'* (The 0{d^)-hovavl is easily seen from the argument 
of the last paragraph in the proof of Lemma (SHI) □ 

In the depth aspect, that is under condition (ii) in Theorem 16. II we can also give a lower bound for the 
order of growth. Suppose that n^; is supported on a fixed finite set of primes. Then using the estimate 
in p. 41) we can deduce that there exists Hx € Fx such that 

[Q(7r,):Q]»(logN(n,))^. 

We have removed a logarithm compared with the order of growth (16. 6[) obtained in the level aspect. 

The remainder of this subsection is devoted to discuss the case of G = GL(2)q and weight 2 forms, 
where interestingly there is another method to establish the bound (|6.6p . This is based on the following 
result about curves over finite fields which is of independent interest. 

Proposition 6.11 (Serre |531 §7]). There are only finitely many curves over Fg whose Jacobian is 
isogenous to a product of abelian varieties of dimension at most d. 



10 



For uniformity of notation we write F rather than F+ here. 
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The method of Serre is effective, see [531 P- 93] for the example oi q — 2 and d = 1. It doesn't produce 
immediately an explicit upper-bound in general but there have been several works in this direction, in 
particular we quote the following. 

Proposition 6.12 (Elkies-Howe-Ritzenthaler [E]). Let S C [0,7r] be a finite set. IfC/¥q is a curve of 
genus g with Frobenius angles in S, then 

g < 23|S'pq2|^l logq. 

The proof of Proposition 16.111 and of the effective bounds such as in Proposition 16.121 is based on 
trigonometric inequalities. Precisely one uses the fact that there are Oj ^ [0,tt], 1 < j < g, such that 
g^e'^j (and also q^e'"^^') are g-Weil integers of weight 1 and 

9 

2q~ ^^cos(n0j) < + 1, for any integer n > 1. 

(The 9j are the Frobenius angles and this holds because the right-hand side of the inequality minus the 
left-hand side is equal to #C(Fgn), the number of points of C over F^n.) 

The Proposition 16.121 implies the following effective estimate in the case of simple isogeny factors of 
dimension at most d. 

Corollary 6.13. // the Jacobian of a curve of genus g over ¥q is isogenous to a product of abelian 
varieties of dimension at most d, then 

The underlying constant in 0{d^) is absolute (independent of q and d^). 

Example 6.14. Let q ~ p he a prime number and r e Z>i. The Fermat curve 

Cr ■■ XP^+^ + YP^+^ + Zf' +1 = 

is such that all eigenvalues of Frobenius are 2r-th roots of —p"^ (see [23)- Thus Jac(Cr) is isogenous to a 
product of abelian varieties over Fp of dimension at most 4r. On the other hand Cr has genus i^. 
Also it may be verified that the exponent of the class group Jac(C)(Fp) is < p^ + 1, which is asymptotically 
the square-root of the genus and may be compared with (16.71) below. Note that is a hermitian curve 
over Fp2r and it is a maximal curve in the sense that Cr(Fp2r) is of cardinality 1 + p^*" + ^gp"^ which 
achieves equality in the Weil bound. 

In fact the same result as in Corollarv l6.13l was established around 2000 by A. de Jong using a different 
method. We would like to thank de Jong for explaining his result to us which had remained unpublished. 

Alternative proof of the Corollary, (de Jong). A theorem of Madan-Madden [38) states that the exponent 
E of the class group of a curve C of genus g over satisfies 

E » f — ^) ' . (6.7) 

(Note that their arguments do apply uniformly in q and thus the above multiplicative constant is absolute, 
though this is not explicitly stated in their paper. Precisely it can be verified that each estimate in their 
proof improves when q gets large) 

On the other hand let Fr^ be the g-th power Frobenius endomorphism of Jac(C) and let P G 
be its minimal monic polynomial. Note that P has integral coefficients because Fr^ is an element of the 
endomorphism ring of Jac(C) which is an order in a semisimple algebra. Since Fr^ is a semisimple endo- 
morphism by Tate's theorem, P(Frq) acts as on Jac(C). Since Fr^ acts as the identity on Jac(C)(Fg), 
we deduce that P(l) G Z acts as on Jac(C)(Fq). Therefore 

E I P{1). 

The polynomial P divides the product of the characteristic polynomials of Frobenius on the abelian 
varieties which are the simple isogeny factors of Jac(C). By assumption these abelian varieties have 
dimension < d and there are q*^^"^ isogeny classes of them by counting the Weil g-integers of weight 1 
given via Honda- Tate theory, cf. the proof of Proposition 16.101 Thus 

P(l) 

Note that P(l) 7^ because Frg is always a non-trivial endomorphism. Combining the three estimates 
we conclude the proof of the proposition. □ 
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Alternative proof of Provosition W.lffl for G = GL(2)q in weight 2. Consider the modular curve Xf){N) 
which is a smooth algebraic curve over Q of genus go{N). Let (Ai)ig/ be the simple isogeny factors of 
its Jacobian Jo(iV), counted with multiplicity, so that there exists an injective isogeny Hie / ^ Joi^) 
over Q (|39j Prop 10.1]). By the theorem of Eichler-Shimura we are reduced to finding a lower bound for 
the maximal dimension 

d := max dim 

Suppose that the fixed prime p does not divide N . From now on we work over Qp and with a small 
abuse of notation we still write Xo(A^), Jo{N) and Ai for their base change Xq{N) (E)q Qp, Jo{N) (E)q Qp 
and Ai (g)Q Qp respectively. 

There exists an integral model Xo{N) over Zp and its reduction modulo p is smooth irreducible over 
Fp. Also there exists a relative Picard scheme Jo{N) which is a smooth abelian group scheme over Zp. 
The generic fiber Jo{N) (^Zp Qp can be identified with Jo{N). Since Jo{N) has good reduction at p, 
the Neron-Ogg-Shafarevich criterion tells us that Ai has good reduction at p for each i £ I. Let Ai 
denote the integral model of Ai over Zp which is an abelian scheme. By the property of a Neron model, 
the injection OiG/^* ^oi^) extends to an injection riiG/-^* ^ Jo{N). (The latter is an injection 
because the kernel is flat over Zp with trivial group scheme as the generic fiber.) As an injection between 
abelian schemes of the same dimension, it is also an isogeny. 

Reducing modulo p we find that Jo{N) ®z Fp is isogenous to the product J| Ai ®i Fp. Each simple 

isogeny factor of Jq (N) (^%^ Fp is a factor of Ai Fp for some i £ I. In particular all isogeny factors 
of Jo{N) ®Zp Fp have dimension < d. 

Since Xq{N) (g)^^ Fp is an irreducible smooth curve of genus go{N) whose Jacobian can be identified 
with Jo{N) Fp we are in position to apply Proposition 16. 131 which yields 

5o(A^)<p^"^^ 

Since go{N) x as iV oo, this concludes the proof of Proposition 16. 101 for G ~ GL(2)q. □ 

6.4. Uniform approximation in the unitary duaL In this subsection we record some lemmas on 
approximation by functions in the local Hecke algebra of bounded degree. Only in this subsection let G 
be a connected reductive group over a p-adic field K. Write U^^ for a fixed hyperspecial subgroup of 
G{K) and fix for the Weyl group for G relative to K. 

We begin with the classical problem of approximating periodic functions by trigonometric polynomials. 
The following result is a version with sharp constants that comes from the work of Beurling in the 1930's 
and rediscovered by Selberg in the context of the large sieve inequality. We identify T = R/Z with the 
unit circle inside C. Thus a trigonometric polynomial is viewed as an element of C[z, z^^ . 

Lemma 6.15 (Vaaler |60|). Let f be a function on T of bounded variation V{f) £ K>o. For every integer 
K G N there are trigonometric polynomials of degree k such that P^ < / < P^ o,nd 

Pi-P^ = ^- (6-8) 



T 



are 



In particular ||P^||i < ||/||i + triangle inequality. Also the n-th coefficients of P^ 

uniformly bounded by <^ for all n 7^ 0. 

Proof. This is [6OI Thm 19] where it is also shown that the constants are sharp if / is a sign function. 
We briefly recall the the construction of the polynomials: 

I n I < K. 



for all z £ T. Here f{n) (resp. 'g{n)) are the Fourier coefficients of / (resp. the variation function of /). 
The Beurling functions J and K are entire of exponential type 2tt with Fourier transform: 

J(t) := 7r<(l - |i|)cot(7ri) + K{t) -.^ 1 - \t\, \t\<l. 

The properties of J and K and some arguments in Fourier analysis imply the first two assertions of the 
lemma. Since f{n),^(n) ^^j-* for all n ^ 0, we deduce the third and final assertion on the decay of 
coefficients. □ 



ON FIELDS OF RATIONALITY FOR AUTOMORPHIC REPRESENTATIONS 



35 



The Satake isomorphism induces a topological isomorphism (7(^)A,unr,tcmp ^ Ac/Hk where Ac ~ T'' 
is a complex torus with r the K-iank of G. For <j) E H^'"{G(K)) we write (p for the corresponding function 
on the real torus Ac or its quotient Ac/^k- The truncated Hecke algebra H^'"{G{K))-'^ is defined in 
[57} §2] so that the following holds (which is all we need to know here): there exists a constant c > 
(depending on a fixed choice of basis in the character group of a maximal torus in G over K) such that 
for every k £ Z>o, the set of G "H"'" (G(-ft')) such that is a (fix-invariant) polynomial of degree < k 
on Ac contains -H™'(G'(if))^'^/= and is contained in H""'(G(i^))^'=''. (Use [571, §2.4] to see this.) 

Lemma 6.16. Let c > be as above. For every integer k > I, and every rectangle TZ C G'(iir)^'""'''*°™P, 
there is a Hecke function 0k G -H"'" (G(i4r))^'='" such that > on ^(ii:)^.^"''*™?, ^^>1 onTZ while 
/2p1(^k) < J1P\TZ) + K-'' and |(?!)«| < 1. Here r is the rank ofG{K). 

Proof. We can apply Lemma 16.151 to the characteristic function 1/ of any interval / of T, in which case 
the total variation is V{ti) ~ 2. Then it is not difficult to deduce the following statement in higher 
dimension. Let 7?. = /i x . . . x be a rectangle in T''. There are trigonometric polynomials of degree 
< K in r variables such that P^ < Ik < P^ and 

/ P+-P-^n-^. (6.9) 

We choose to be the ri^-average of F+. Then G 7^""''(G(i^)) giving rise to t/i^ via the Satake 
isomorphism belongs to T-L^^^ {G{K))-'^'^ . Note that the first two assertions follow from the inequality 
Itz < P+- 

The estimate of '(P^^^) follows from (EH) and the fact that the Plancherel density on G'(K)^'""''''™^p 
given by Macdonald formula is uniformly bounded below (see i57j Prop. 3.3]). In other words we used 
that the Lebesgue measure on Ac/VIk is absolutely continuous with respect to the Plancherel measure. 

The Harish-Chandra Plancherel formula </)(!) = JP^icj)) holds for all smooth functions thus in par- 
ticular for all (j) G 'H^'^'^{G{K)). In the unramified case (see [64] Thm VIII. 1.1] for the general case) we 
have more generally the relation 

0(3)=/ 0(7r)M^(5)d/IPi(^), gEGiK), (6.10) 

where MT^{g) — {vo,gvo) is a spherical matrix coefficient of tt, that is Vo is a unit U^^-Hxed vector in the 
representation space V^. Let us justify formula (|6.10p by computing the trace of TT{(f>) o Tr(g)~^ on 1^ and 
the Plancherel formula for 0(1). Note that 7r(0) has image in Cvo because is left C/^'^-invariant. Using 
also the right C/'^^'-invariance, we infer that 

7r(0)w = 0(7r)(u),Wo)«o 

for all vector w G Vt^. Thus TT{(j))g~^Vo — 4'^ii)M-^{g)vo. Since 7r(0) o ■ni^g')^^ maps t^- into Cwo, this 
implies that its trace is 0(7r)M^((7). 

From (|6.10l) we deduce that |0k(.9)| < 0k(1) for all g G G{K). Thus we deduce from the estimate for 
/2p1(0k) that 10,1 < 1. □ 

6.5. The case of unitary groups. In this subsection let G be a unitary group as in i j4.2l or its inner form 
and assume that [F^ : Q] > 2. We would like to explain unconditional results on the growth of field of 
rationality which are already available from our current knowledge. Let us be brief; eventually complete 
unconditional results for non quasi-split unitary (resp. symplectic/orthogonal) groups will follow from 
our earlier arguments once the unitary group analogue of j41| (resp. [2]) is extended to inner forms and 
HvDothesis 14.81 is verified. 

We assert below that Theorem 16.11 (1') and Theorem 16.61 hold true for unitary groups without any 
hypothesis. Let = !F{Ux) be a level aspect family constructed for G, now a unitary group, as in ij6.1l 
Let us define S„r,r and i?„Tir for G and T^. as in Theorem [ 



Theorem 6.17. Suppose that the highest weight of ^ is regular, that [F'^ : Q] > 2, and that S^nt ^ so 
that Runr is defined. Then for all R < Rum- 

«i? |-F,|/(log \T,\f-, asx^^. 

The argument is the same as in Theorem 16.61 falso see Theorem 16. 1|) . The theorem relies on some of 
the earlier results, which we need to justify for unitary groups, but this is not so complicated as we are 
concerned only with the unramified local components here. The necessary results are provided by |35[ 
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Cor 5.3], especially the weaker analogue of Proposition 14.141 (here "weaker" means that no information 
is available at finitely many v where tt, rj or the extension F/F^ is ramified at v). In Corollary 14.161 
only the first assertion is needed and derived from the latter substitute. Then the methods of proof 
for Theorems 16.11 and 16.61 iustifv Theorem 16 . 1 71 once it is noted that the final main ingredients, namely 
Lemma lS.ll and the level-aspect Plancherel equidistribution theorem with error terms ([57 ), are still valid 
for unitary groups. 

6.6. Concluding remarks. As we have noted earlier, the arguments and main results of this paper 
should apply to non-quasi-split classical groups as soon as the work [5| and [H] are extended to those 
groups. There are several directions in which our work may be generalized. An obvious problem is to deal 
with other reductive groups. As for the growth of field of rationality, we raised the question of removing 
the hypotheses from Theorem 11.71 and power saving in Question 16.51 Any quantitative refinement such 
as power saving would be of arithmetic significance, already in the case of weight 2 modular forms and 
field of rationality Q, cf. Remark 16.91 Another widely open question is how much of ^remains valid for 
families in the weight aspect (for instance as defined in [ST]). In this respect even the case of modular 
forms is still unsolved (Maeda's conjecture). Note that the finiteness of Weil numbers in the argument 
for Theorem 11.11 fails if weight grows to infinity. Finally we would like to mention Hida's recent study of 
field of rationality ( "Hecke field" in his terminology) for p-adic families of modular forms and arithmetic 
applications ([30], [31]), providing a perspective different from ours. 
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